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VII. Specific Heat Data 

13. ELECTRONIC SPECIFIC HEAT CONSTANT 

The electronic specific heat constants were obtained directly from 
specific heat measurements at very low temperatures, < IDOl( (-263°C). 
For most metals at these low temperatures, the specific heat is given by 

c. = C. = 'YT + 464.4(T/ 8.S)', (13.1) 

where C. is the heat capacity at constant pressure, C. is the heat capacity 
at constant volume, 'Y is the electronic specific heat constant, T is the 
absolute temperature, and 80S is the Dcbye temperature." The experi­
mental data are usually plotted in the form C./T versus T', which yields 
an intercept equal to 'Y and a slope equal to 46·1.4/(8.s)'. Further discus­
sion of 8.s is deferred until Section 16. For a few metals, magnetic and 
nuclear contributions may be equally important, and thus the simple 
expression given above (Eq. 13.1) then becomes invalid. The onset of 
superconductivity wiII also cause some problems, but these are usually 
solved by carrying out the measurements in a magnetic field that is large 
enough to destroy superconductivity. Since most of the authors evaluate 
their specific heat data, and since departures from Eq. (13.1) are taken 
into account by them, there is no need to discuss such anomalies here. 

The electronic specific heat constant is directly proportional to the 
density of states of the electrons at the Fermi level. Thus it is seen that 
knowledge of the electronic specific hrat constant is very desirable since 
it is a direct measurement of a fundamental property of a metal. For 
insulators there is no electronic contribution to the specific heat because 
all of the bands are completely filled ; as a matter of fact, even semicon­
ductors, which usually have a few electrons in an unfilled band (or a 
few holes in a filled band) , generally do not have an electronic contribution. 

The electronic spedfic heat constants are given in Table XIII. These 
values for 'Y vary from a minimum value of zero for diamond, germanium, 
selenium, gray tin , and tellurium to a maximum value of 58 mj / g-at/ dcg' 
for a-Ceo The mean value of 'Y for the elements, for which 'Y is less than 
19 mj /g-at/deg' is 4.1 mj / g- at/ deg'. All of the estimated values lie be­
tween the two extremes cited. 

A plot of the electronic specific heat constants of the clements of the 
fourth, fifth, and sixth periods of the Periodic Table is shown in Fig. IS. 

.. The superscript and sub8cript aft"r 9 indicat,.. that the Debye tempcrnlure wns ob­
tained from sp<'Cific hent mm .• urement. (S) at zero degrees Kelvin (0). The n""d for 
these supcr- and subscripts will be npparcnt in Sections 16 to 21, which deal wit.h 
the Debye temperature. 
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TABLE XIII. ELECTRONIC SPECIFIC HEAT CoNSTANT 

., ., X l()' 

Element 

( miouJes ) 
g-at.deg' C-a~~eg.) Ref. 

3 Li l.69 ±0.06 4.04 1,2 
-I Be 0 .223 ±0.OO3 0.533 3,4 
5B l.26- 3.01 5 
6 C(g) 0.013!,'- 0 .0330 6 
6 C(d) ~O ~ 7 

U · N .. l.38 ±0.05' 3.30 1,8,9,10 
12 Mg l.30 ±0.08 3 . 11 3, 11, 12, 13 
13 AI 1.36 ±O.OI' 3.25 14, 15, 16 
14 Si 0.021 0 .050 17, IS 
15 P(w, r, b) (0)' (0)' 
16 S(r, m) (0)' (0)' 
19 K 2.11 ±O. ll 5 .04 1,10,19 
20 C .. 2.90 ±O.IS 6.93 20,21 
21 Se 10 .8 ±O.S 25.S 22,23 
22 Ti 3.41 ±0. 10 S . 15 11, 24, 25, 26 
23 V 9.0·1 ±O.2"Z 21. 61 24, 27, 28, 29 
24 Cr 1.46 ±0.()60·4 3.49 30,31,32 
25 Mn(a) 8.4' 20 33 
25 Mn(/I) 9.7±0.3 23 33,34 
25 Mn(-,) 4.6 ±O. I'./ 11 34,35 
25 Mn(~) 9.42 22 .5 34 
26 Fe 4.98 ±0.06 1l.9 36,37,38,30 
27 Co 4 .73' 11 .3 36,40 
28 Ni 7.30 ±0.3O' 17.4 41,42,43 
29 Cu 0 .693 ±a.OO7' 1.66 16,21,25,4+-51 
30 Zn 0 .643 ±0.012 1.54 3,52-56 
31 Ga 0 .598 ±0.OO4 1.43 56,57 
32 Ge 0 .000 ±O.OOI 0 IS, 58, 59 
33 M (0 .1)' (0.24)' 
34 Se 0 0 3,60 
37 Rb 2 .52 ±0.07 6.02 19,61 
38 Sr 3.64 ±O.IS 8.70 20 
39 Y 10 .1 ±O. l' 24 . 1 22,62 
40 Zr 2 .91 ±0.12 6 .95 11,24,25 
41 Nb 7.66 ±0 .294 Ill. 3 62,63,64 
42 Mo 2.10±0.H 5 .02 24, 62, 65-68 
43 Te (4.00)' (9. 7)' 
44 Ru 3.3 7.9 24 
45 Rh 4.6 ±0.4 11 .0 24,69,70 
46 Pd 10 .0 ±D.7· 23 .9 66,71, 72 
47 Ag 0.659 ±0 .027 1.58 44, 66,71,73-76 
4S Cd 0.674 ±0.036 1.61 3, 12,77 
49 In 1.70 ±0.1l 4 .00 48,78.79 
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TADLE XIII. ELECTRONIC SPECIFIC HEAT CONSTAN1'-Continued 

"Y "Y X 10' 

. Elemen~ 

( mjOules ) 
g-at.deg' 

( cal ) 
g-o.~.deg' Ref. 

50 Su(g) 0 0 58 
50 Sn(w) 1. 78 ±O.OS 4.25 48,7!}-83 
51 Sb (0. 1)' (0 .24) ' -
62 Te 0 0 3,60 
55 Os 3 .55 ±O.OS 8.48 19,61 
56 Ba 2.7 ±0.5 6.5 20 
57 La 10 .1- 24.1 22,84 
58 Ce(a) 58- las 85 
58 Ce(-y) 7.24 17.3 86 
59 Pr 21.9 ±2.9 52.3 87,88 
60 Nd 8.92 21.3 86 
61 Pm (10)' (24)' -
62 SOl 10.6 ±1.5 25.3 86.87,89 
63 Eu (2.8)' (6. 7)' -
64 Gd (10)' (24)' -
65 Tb 9.05 21.6 90 
66 Dy 9.25 ±0.25 22. 1 87,91 
67 Ho 26 ±5 62 87 
68 Er 13 ±I 31 87 
69 Tm 19 .7 ±1.8 47.1 87.88 
70 Yb 2.90 6.93 92 
71 Lu 10 .22 ±0 .73 24.43 88,93 
72 Hf 2.40 ±0 .24 5.H 24,25 
73 Ta 5.84 ±0.31 14 .0 24. 29, 62, 94. 95 
74 W 1.22 ±0.15' 2.92 24. "66. 67. 82. 96 
75 Re 2.40 ±0.14 5.74 24,62.97 
76 O. 2.35 5.62 24 
77 Ir 3 . 15 ±0.05 7 .53 24,69 
78 P~ 6.6S ±0.27 16 .0 66.70,08 
79 Au 0 .748 ±0.013" 1.79 44,55,75 
80 fIg 2 .2 5.3 99 
811.'1 2.83 ±0.27 6.76 100,101 
82 Pb 3 . 14 ±0 . 15 7.50 102-105 
83 Bi 0 .049 ±0 .()"20 0 . 12 106, 107, lOS 
84 Po (0 . 1)' (0 .24)' . -
87 Fr (4.2)' (10)' -
88 Ra (3 . 1)' (7.4)' -
89 Ac (9.6)' (23)' -
90 1.'11 4 .69 11.2 109 
91 Pa (7 .0)' (I6.7)· -
92 U 10.9 26.1 109 
93 Np (10)' (24)' -
94 Pu 48.87 11 6.8 110 

---' . ) 6 ?'+= l' t 
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, See text for further discu.sion. 
• Value obt.ained from ~(:ldl\gnscar graphite. Y.lue will vary with tho degrrc uf 

slacking faul ts in the specimen. In an earl ier paper a value of 0.031 mj/g-at/deg' was 
found (I{eesom and Peariman'U). 

• Estimated value; sec text for further discussion. 
• Clusins and Franzosini" found that this value i. valid below 20'K; nt temperature. 

> l00·I( a value of oy = 5.8 mj / g-at/deg' i. required to explain the experimeutal data in 
tbis region. 

• Shinozllki et al." also found linenr magnetic contribution (4.2 mi/g-at/deg') which 
might account for the high values (oy ~13) reported by otber authors (Wolcott." 
'Neiss and Tauer," Elson et al.1l! and Guthrie et ai.1I3 ) . 

I Hec.llt results iudicate a"y vulue of SA mj / g-at/ deg' for oy-~[n"; bowever, complete 
detail. are not available to evaluate their results. 

• Data of Parkinson and co-workers114 .tIl and Lounasmaalll were analyzed by 
G.chneidnc .... correcting for the presence of other cerium phases assuming they had 
identical "y values of 7.24 mj/g-at/deg'. 
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FlO. 18. Electronic spoeific heat constant of the element, of the fourth, fifth, and 
sixth periods of tbe Periodic Ta!>le. Open points (Ire estimated values. 

The variation of 'Y ,,·ith the group number in this figure is much di fferent 
from that seen in other plots of the physical properties of these same 
metals (Figs. l, 3, 6,12,14,15, and 17, or Figs.!) and ll ). The 'Y value~ 
of the elements (groups lA, IrA, and IB-nil) that have no unpaired 
d electrons are generally low, i.e., lie below the mean value of 4.1 
mj / g-at/ deg'. For the d transition metals such a general statement cannot 
be made. If we first examine the metals of groups lIlA through VIlA , 

- -- -
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we note that if the number of d electrons is odd, then the value of y is 
large, and if the number is even, then y is usually small. The y values 
for the remaining elements, group VIlA, iron, and cobalt and their cogencrs, 
arc intermediate, but those for nickel and its cogeners are again quite 
large. From the above discussion it may be seen that if no unpaired d 
electrons are available, the electronic specific heat constant is always low. 
In order to have a large "( mlue it is a necessary, but not a sufficient con­
dition, that unpaired d electrons must be available. As will be shown 
shortly the only elements which have been observed to have very high 
'Y values (i.e., > 15 mj/g-at/ deg') are those which have, or are thought 
to have, unpaired f electrons. These observations also apply to the ele­
ments which are not shown in Fig. 18. 

The variation of the electronic specific heat constant for the rare-earth 
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metals is shown in Fig. 19a. In general, most of the -y values lie quite 
close to 10 mj/g-at/deg', the value for lanthanum. The exceptions arc 
the values for praseodymium, eW'opium, holmium, thul ium, ytterbium, 
and a-ccrium (not shown in Fig. 19a, since its value is much larger than 
the range given in the figure). The values for europium (estimated) and 
ytterbium are low because these metals are divalent and have no d elec­
trons." The high values for the other foul' materials are not as easily 
explained . Since the rare earths have essentially the same valence band 
composed of us'5dl electrons and since the 4f level is buried radially and 
shielded by the 5s'5p' electrons from external forces , one would expe('t 
that the density of states (and thus the -y value) would be governed by 
the 6s'5cl' configuration; i.e. , one would expect a constant value for the 
density of states for this series of elements. Since very large values arc 
observed for the four elements, one might be tempted to suggest that there 
exists an f band which overlaps the 6s'5d' bands and for a few elements 
the density of states is governed by the 4f band rather than by the 5d 
band, which leads to the very large -y values. This appears to be the situa­
tion for a-cerium,GO but it is unclear for the other rare-earth exccptiollS 
(praseodymium, holmium, and thulium). The problem with these and 
also many of the other rare earths is that besides the normal lattice amI 
electronic contributions to the specific heat (Eq. (13.1» there arc also 
magnetic and nuclear contributions which make it difficult to evaluate 
-y and 80

S • Of these last two contributions the magnetic portion is by far 
the most uncertain from a theoretical standpoint, especially in vicw of 
the complex magnetic ordering which takes place III the rare-earth 
metals.61-" Much further research will be required before one can definitely 
conclude whether or not the 4f level is involved ill determining the density 
of states of these metals. 

Furthermore, if one attempts to calculate the lattice contribution to 
the heat capacity at constant volwne, C,', (sec Section 15) he finds that 
C .. is anOli,alously low for praseodymium, holmium, and thulium . This is 
due to the fact that the 'Y values for these metals are too large. Indeed, 

.. K. A. Gschneidner, Jr., Proc. 4th lW.re Earth Cauf., Phoenix, Arizona, 1964· GOrdOIl 
'" Breach, New York (to be published cn. 1965). 

" W. C. Koehler, E. O. \\'ollan, M. K. Wilkinson, and J . W. Cable, in "Hare Earth Re­
scarch" (E. V. I,leber, cd.), p. 1'l9. :\lacmillan, ~e\\' York, 1901. 

.. W. C. Koehler, J. W. Cubic, E. O. Wollan, and M. 1'. Wilkinson, J . Phys. Soc. Japa" 
17, Supp\. B-III, 32 (1962). 

u ~!. 1\:. Wilkinson, H. R. Child , W. C. Koehler, J. W. Cable, nnd E . O. Wollnn, J . 
Phy •. Soc. Japa n 17, i:iu]Jp\. B-Ill, 27 (1962). . 

" J . W. Cable, H. n. Child, W. C. l,oehler, :I!. 1'. Wilkinson, and E. O. Wollan, In 
upilc Neutron R('scnrch in Physics," p. 3,9. Intern. Atomic Energy Agency, '-iCIlIUl. 

1962. 
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if one chooses a value of -y = 10 mj / g-at/ deg' he obtains much more 
reasonable values for Co' (also see the relevant discussion in I:ection 15) . 
This also suggests that the high -y values for these three metals arc suspect. 

The electronic specific heat constant for a-plutonium is only less high 
than that of a-cerium. It is quite likely that the 5f band is involved in 
determining the density of states in plutonium. 

Boron. Kaufman and Clougherty" estimated the electronic specific 
heat constant from the low-temperature data (20° to 300 0 K) of JolUlston 
et al.," assuming 'Y to be lineal' and the lattire contribution to be given 
by the Debye model over this temperature range. 

Sodium. The value given by Parkinson and Quarrington'7 is not in­
cluded 'in the average value given in Table XIII, since it is significantly 
larger than any of the other values, i.e., 1.8 as compared with the mean 
of 1.38 ±0.05 mj / g-atjdeg', 

Aluminum. The value reported by Kok and Keesom" (1.46) is not 
included in the average (1.36 ±0.01) since it was higher than the other 
reported values. 

Chromium. Edwards et al." reviewed the literature up to 1958 and 
gave a best value for -y. This value was averaged with values which have 
been reported since then. 

-y-M anganese. The mean value for -y-manganese was taken from the 
value calculated by Weiss and Tauer70 from high-temperature specific heat 
data, and from the value obtained at low temperatures from -y-stabilized 
copper-manganese alloys (extrapolated to 100% 11n) reported by Zimmer­
man and Saton In view of the more recent data (-y = 8.4) publitihed by 
Shinozaki et aP' the low given in Table XIII (4.6 ±0.1) may be incorrect. 
Since full details are presently not available, one can only point out this 
large difference. 

Cobalt. The high value (5.02) reported by Duyckaerts73 was omitted 
in calculating the average value (4.73) for cobalt. 

Nickel. Recently Gupta fl al" .obtained a value of 7.20 for nickel which 

.. L. l{aufman and E. V. Clougberty, "Investigation of Boride Compounds for Very High 
Temperature Application.," Semi-Annual Rept. 1\0. 2. ~[an Labs. Inc., April. 1063. 

.. H. L. J ohnston, rI. N. IIersh, ond E. C. K,' rr, J. Am. Che",. Soc. 73, 1I1~ (I!l:il). 

.. D. H. Parkinson and J. E. Qu:mington, Proc. Phy •. Soc. (Landi"') A68, 762 (10:;,:;). 

.. J. A. Kok and W. 11.1, esom, Phy.ica 4, 8.3:; (1937) . 

.. A. R. Edwards, J . I. Xi, h, alld H. L. Wuin, Met. Rev. 4,403 (1959). 
70 R. J . Weiss and K. J. Tauer, [,hy •. Cite",. Solids 4, 135 (1958) . 
n J. E Zimmerman and H . Sato, Phy .•. GheUl. Solid. 21, 71 (1961). 
" S. Shinozaki, A. Arrott, II. SalO, and J . E. Zimmerman, BuU. ,1m. Phy •. Sue. 8, 66 

(1003). 
TI G. Duyckacrts, Phy.irn 6, 17 (1939). 
" K P. Gupta, C. H. Cheng, and P. A. Beck, Phy •. Chem. Solid. 25, 73 (l9G·I). 

- --



,-

". ~ 

360 KARL A. GSCHNEIDNER, JR. 

is very close to the mean value given in Table XIII and the value reported 
by J{eesom and Clark" (Ref. 34 in Table XIII). This indicates that the 
value given in Table XIII is quite reliable, but that the error is probably 
less than that shown. 

Copper. All of the 'Y values reported for copper having a total purity 
of less thaa 99.99% were not included in calculating the average value 
given in Table XIII. In gencral it was observed that 'Y increases with 
decreasing copper purity. Since the value given by du Chaterier and 
de Tobel" (0.721) was significantly higher than the other elm'en literature 
values, it is not included in the average value (0.693 ±0.OO7) given in 
Table XIII. 

Yttrium. Since the value (8.5) given by Jennings et aI." for yttriulll is 
significantly lower than the other two values reported for that element, 
it is not included in the mean value (10.1 ±0.1). 

Niobium. Since Boorse and co-workers" revised an earlier value for 
niobium," and the revised value is in agreement with the value given 
by l\Iorin and i\faita,80 the earlier value" is not considered in the present 
compilation. 

Palladium. Since the value given by Pickard" (13.0) for palladium is 
significantly larger than the other literature values, it is not included 
in the average (10.0 ±0.7 ) given in Table XIII. 

Lanthanum. Since the value (6.7) given by Parkinson et aI'2 for lun­
thanwn is significantly smaller than the other values given in the literature, 
it is not included in the average (10.1) given in Table XIII. 

Tunastell. The two difTerent values reported by Daunt and co-workers 
for tungsten appear to be either t.oo low (o.n)" or too high (21.4 )" 
when compared with thc mean value given here (1.22 ±0.15). For this 
reason they were omitted when the meall was calculated. 

Gold. Since the value (0.87) given by Budworth ct al." for gold is 
significantly larger than the other literature values, it was not included 
in the average (0.748 ±O.013) given herein. 

Estimated Data. Electrical resistivity and magnetic susceptibility data 

"W. H . I\ccsorn and C. W. Clark, Physica 2, 513 (1935) . 
14 F . J . du Chuteri.r and J. de Nohel, Physic« 28, 181 (1002). 
71 L. D. Jenning', R. E. ~Iillcr, and F . H. Spodding, J. Che", . Pill/B. 33, 18-1.9 (1900). 
11 A. T. Hirshfcld, H. A. Leupuld, and H. A. iloorse, Phys. Rev. 127, 1.",01 (1902). 
11 M. Brown, !II. W. Zemnll,ky, and H. A. Boons., Phys. Nev. 86, 134 (1952). 
.. F. J. II I orin and J. P. ;\I,"to, Pllys. Rev. 129, 11 15 (1903). 
" G. L. Pickard, Naill re 138, In (193(;); also sec Proc. Phys. Soc. (London) 61, 1 (1948) . 
U D. H. Parkin.on, F. E. Simon, and F. JI. Spcdcling, Proe. Roy. Soc. A207, 137 (1951 ). 
.. III. Horowitz and J. G. Daunt, Phys. Rev. 91, 1099 (H);;3). 
.. A. A. Silvidi and J. G. Dllunt, Ph ys. Re.:. 77, 125 (19.50) . 
.. D. W. Budworth, F. E. Hoare, arid J . Preston, Proc. Roy. Soc. A267, 250 (1960). 
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of the elem~nts furnish some clues concerning the electronic specific heat 
constant. Since the resistivities of white and black phosphorus" nnel 
sulfw"o indicate that these substances are insulators, it was assumed 
that the specific heat 'Y values for these substa,nces would be zero. 

In order to show how magnetic data may be used to estimate the 
electronic specific heat constant, we will quickly review the subject. 
The total magnetic susceptibility, x., is given by 

x. = Xl' + XL + Xi + x. + x, + Xv, (13.2) 

whe~e ~ is the Pauli contribution, XL is the Landau contribution, Xi is 
the 10Dle contribution, x. is the contribution due to exchange, x, is the 
contribution due to correlation, and Xv is the Van Yleck temperature­
lDdependent orbital contribution. Usually x. is assumed to be equal to 
x, but of opposite sign. Thus, Eq. (13.2) is reduced to 

X. = Xl' + XL + Xi + Xv. (13.3) 

The Xl' and Xv are paramagnetic contributions, while XL and Xi are dia­
magnetic ones. The Van vleck contribution is usually quite important 
for the transition metals with unfilled d levels, but for the other metals 
Xv can be assumed to be zero. The Landau contribution for a free-electron 
gas model is equal to - hp. The ionic contl'ibution is well known and C11n 
be found in the literature for mo-t substances.87- 89 The Pauli contribution 
is directly proportional to the density of states at the Fermi level nnd 
therefore, it is directly proportionnl to the electronic specific heat constant: 
Thus, in principle, one cnn evaluate 'Y from XI; for nontransition metals. 
For the transition metals there is another method one can employ to 
determine 'Y from X.; this method will be discussed shortly in connection 
with the estimation of the l' value for technetium. 

The electrical resistivities of arsenic, antimony, and polonium are 
metallic in natme, suggesting that 'Y is greater than zero for these elements. 
The total magnetic susceptibility is negative for these three elements.'" 
indicating that 1 Xi 1 is greater than 1 Xl' + XL 1 = 1 SXl' I. This sup:gcsts 
that Xl' is small and, themfore, 'Y is small. From these two ob:;ervations 
it ,,:as assumed that the l' is of the order of 0.1 mj / g- at/ deg' for arsenir, 
antllllony, nnd poloniwn. 

.. T. D. Farr, Tenn. Vallty ,!uthon'/y, Chem . Eng. nepl. 8 (lOW) . 
17 W.:R. Angus, Pro<. Roy. Soc. A136, 509 (HJ32). 
.. A. V. J ugannndham, Proc. Rajasliton A cad. Sci. 1, 6 (19:;0) . 
.. J . H. Van "Ieck, "Theory or Electric and ~Iagnetic Susceptibilities." Oxrord Univ . 

Pr ... , London and "OW York, 1932 . 
tI The value for polonium is Dot known, but it is assumed to be negative. 
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Stoner" has shown that the total and Pauli susceptibilities are related by 

l/x, = (l/ xP) + e, (13.4) 

where e is called the interaction term. If one knows e, then it is possible 
to determine xP and, thus, 'Y from the measured x,. In general e cannot be 
evaluated explicitly. The value of 'Y for technetium, however, was evaluated 
by making usc of this equation. Nelson et aZ" have measw'ed the magnetic 
susceptibility of technetium and rhenium from i8° to 402°l{ ( -1 !l5° to 
129°C). The reviewer obtained the value of x. for technetium and rhenium 
at OOK (-273°C) by extrapolation of their data. By using the knowll 'Y 

value for rhenium and x, at O°l( it was possible to determine e for rhenium. 
The e value for technetium was assumed to be equal to that of rhellium, 
which then permitted an evaluation of Xp and 'Y of technetium. The value 
of'Y obtained by this procedure is 4.06 mj / g-at/deg', which is a reasonable 
number. If one makes the assumption that x, at O°l( (-273°C) is equal 
to xP, then a 'Y equal to 21.5 mj / g- at/deg' is obtained, which is very 
unreasonable. 

The 'Y values for promethium and gadolinium were estimated to be 
the same as for lanthanum and lutetium. The value of 'Y for europium 
was asswned to be equal to the mean value of barium and ytterbium. 
The 'Y values for francium and actinium were estimated from plots of 
the known electronic specific heat constants of their respective cogencl's 
versus the period number. The 'Y values for radium and protactiniulll 
were assumed to be equal to the mean value of the alkaline-earth metals 
and the mean value of thorium and uranium, respectively. The 'Y value 
for neptunium was assumed to be the same as that for w·anium. 

14. HEAT CAPACITY AT CONSTANT PRESSURE 

The heat capacity at constant pressure at 298°K (25°C) is shown in 
Table XIV. This value, Cp , is the usual quantity measured experimentally 
rather than the heat capacity at constant volume, C •. For those involved 
in making thermodynamic calculations, C. is of direct importance, but 
for those involved in studying the fundamental properties of solids, C .. 
which must be calculated from the experimental value of Cp , is mol'c 
useful. 

The values of C. are taken primarily from the reviews of Kelley" 
and of Stull and Sinke." If more recent data were available to the reviewer, 
they are included in Table XIV. Since Stull and Sinke estimated the heat 
capacities of those elcments for which no experimental values existed, 

" E . C. Stoner, Proc. Roy. Soc. A154, 6im (1930). 
" C. 1\1. Nelson, G. E. Boyd, nnd \Y. T . Smith, Jr., J . . 4m. Chem. Soc. 76, 348 (1954). 
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TABLE XIV. HEAT CAPACITY AT CONSTANT PRESSURE .<NO AT CONSTANT 

VOLUllE AND TUE D(LATIO~ TER:\tG 

Element 

3 Li 
4 Be 
5 B 
6 C(g) 
6 C(d) 

II Na 
12 Mg 
13 Al 
14 Si· 
15 pew) 
15 P er) 
16 SIr) 
16 SCm) 
19 K 
20 Ca 
21 Sc 
Z2 Ti 
23 V 
~4 Cr 
25 Mn 
26 Fe 
27 Co 
28 Ni 
29 Cu 
30 Zn 
31 G" 
32 Gc 
33 As 

3·' Se 
35 Rb 
as Sr 
30 Y 
40 Zr 
11 Nb 
42 1\[0 

43 Tc 
44 Ru 
45 Hh 
46 Pd 
47 Ag 
48 Cd 
40 In 
50 Sn(g) 
50 Sn (w) 
51 Sb 
52 Te 

C. 
(cnljg-at/deg) 

5.65 
3 .93 
2 .64 
2.06 
1.462 
6.745 
5 .92 
5 .82 
4 . 6-1. 
5 .63 
4.98 
5 .40 
5 .65 
7.07 
6 .29 
6.09 
5.98 
5.905 
5 . 57 
6.2R5 
5.98 
5 .05 
6 .23 
5.855 
6.07 
6 .18 
5 .47 
5 .895 
6.075 
7 .36 
6.30 
6 .34 
6 . 12 
5 .965 
5.695 

(5.80)' 
5 .80 
6 .00 
6 .21 
6.095 
6.215 
6 .39 
6 . 16 
6 .30 
6 .03 
6 . 145 

Ref. 

I 
1,2 
1,2 
1,2 
3 
1,2 
1,2 
1,2 
4 
1 
1,2 
1,2 
1 
1 
1,2 
5 
1,2 
1,2 
1,2 
1,2 
1,2 
1 
1,2 
1,2 
1,2 
1 
4 
1,2 
1,2 
1 
1,2 
6,7 
1 
1,2 
1,2 

1 
1 
1 
1,2 
1,2 
1 
I 
1,2 
1,2 
1,2 

A X 10' 
(g-nt/cal) 

2 .056 
0 .9041 
1.666 
0.1301 
0.2676 
3 .82 1 
2.011 
2.445 
0.1124 
6 .883 

(9.698)' 
9.280 

4 .297 
1.086 

(0.5004)' 
0 . 5316 
0 .5756 
0.6731 
1.221 
0 .9830 
1.196 
1.098 
1.630 
2 .824 
1.240 
0.2518 
0 .0579 
1.186 
5 . 433 
0 .8541 
0 .5608 
0.2231 

0 .5566 
0 .4 186 

(1 . ()6(j)' 

1.472 
0 .9·156 
1.185 
2 .208 
3 . 16S 
3 .357 
0 .3627 
2.151 
0.4198 
0.7542 

C,' C, = C,' + C,' 
(cal/g-nt/dcg) (c"l/g-at /dog) 

5 .34 
3 .50 
2.52 
2 .06 
1.44 
6 .13 
5.62 
5 .48 
4.62 

(4.98)' 
(4.26)' 
(4.59)' 

6.28 
5.96 

(5.27)' 
5.68 
5.20 
5.40 
5 .54 
5 .52 
5.49 
5.58 
5 .65 
5.71 
6.00 
5.45 

(5 .8S)· 
5.94 
6 . 30 
5.94 
5 .55 
5 .89 

5 .36 
5 .51 

(5.40)' 
5 .42 
5 .57 
5 .36 
5 .80 
5 .80 
5 .86 
5 .75 
5 .92 

(5.98)' 
6.06 

5 .46 
3 .51 
2.61 
2.06 
1.44 
6.23 
5 .71 
5 .57 
4.63 
4.98 

(4.26)' 
4 .59 

6.43 
6.16 

(6.03)' 
5 .92 
5 .85 
5 .51 
6.14 
5 .88 
5 .82 
6.10 
5 .69 
5 .76 
6.04 
5 .45 
5 .89 
5 .9" 
6 . 48 
6 .20 
6 .27 
6 . 10 

5 .91 
5.66 

(S .G9) ' 

5 .65 
5.90 
6 .07 
5 .85 
5.85 
5 . !J·~ 
5 .75 
6 .05 
.'i.9S 
6 .06 

it 

II 
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TABLE XIV. HEAT CAPACITY AT CONSTANT PRESSURE AND AT CoNSTANT 
VOLUME, AND THE DIL.-\TIOS TEn:\{a-ConHn1led 

C. A X 10' C.' C. = C,' + C.' 
Element (cal/g-at/deg) Rcf. (g-nt/cal) (calfg-at/deg) (cal/g-at/deg) 

55 Cs 7 .65 1 4 .855 6 .55 6 .80 
56 na 6.30 2 0 .7510 6 .02 6.21 
57 La 6 .25 7 0 .3261 5.49 6 .21 
58 Ce(y) 6.48 8 0 . 1833 5 .94 6 .46 
59 Pr 6.45 7 0.1522 4 .87 6.43 
60 Nd 6.56 8 0 .3340 5 .SS 6.52 
61 Pm (6 .50)' - (0.2959)' (5 .75) ' (6.46) ' 
62 Sm 6.95 8,9 0 .2825 6.16 6 .91 
63 Eu 6.48 7 2.395 (5.98)' 6.18 
64 Gd 8.72 2 0.1482 (7 .97) ' 8.69 
65 Tb 6 .92 1 0 .3663 6.22 6 .87 
66 Dy 6 .72 1 0 .3475 6.01 6 .67 
67 Ho 6 .49 1 0 .4349 4 .59 6.44 
68 Er 6 .72 1 0 .5464 5.72 6 .65 
69 Tm 6 .45 1,2 0 .6582 4 .97 6 .37 
70 Yb 6 . 16 7 l.166 5 .82 6 .03 
71 Lu 6.46 6 0 .2492 5.70 6.43 
12m 6 . 10 1,2 0.3047 5 .90 6 .07 
73 Ta 6 .07 1,2 0 .5440 5 .59 6 .01 
74 W 5 .84 1 0.4120 5 .71 5 .80 
75 Re 6 .14 1, 2 0 .8267 5 .SS 6 .05 
76 Os 5 .95 2 (0.4733)' (5 .89)' (5.nO)· 
77 Ir 6.10 1 0 .7697 5 .79 6.02 
78 Pt 6.185 1,2 1. 144 5 .58 6.05 
79 Au 6.065 1,2 2 .058 5 .79 5 .84 
80 Hg 6 .68" 1 7 .138 5 .81" 5 .94 
81 Tl 6.29 1,2 2 .907 5.75 5 .95 
82 Pb 6 .39 1 3.478 5 .74 5 .97 
83 Bi 6 .20 1 0 .6744 6.12 6. 12 
84 Po (6.30)' - (1.710)' (6 .09)' (6. 10)' 
87 Fr (7 .60)' - (5.538)' (6 .35)' (6 .65)' 
SSRa (6 .49)' - (1.071)' (6. 14)' (6.36)' 
89 Ac (6.50)' - (0 .6252)' (5 .74)' (6.42)' 
90 Th 6 .53 1,2 0.67n7 6 . 11 6.44 
91 Pn (6.79) ' - (0 . 285S)' (6.25) ' (6.75)' 
92 U 6.58 I 1.025 5.67 6.45 
93 Np 7 .02' 10 (2 .946)' (5 .87)' (6.59) ' 
94 Pu 8.50 11 5.IU6 3 .77 7.25 

• The dHnlion term, CJ, is ~iven herr- in terms of n constnnt A, whjch is eEscntial1y 
independent oC tempemturc. Cd ~ AC. T . See texL Cor Curther discussion. 

• F.!timated vnluc: !Ire text {or !urthcr discll!l's ion. 
, These dnta were estimated by Stull and "inke.' 
• This value corrr.ponds to thnt oC solid mercury at its meltin!! point, 234"K. 
, This vnlue ".5 obtn ined by the reviewer Crom the d,t" gi\'en oy Evans and lI!nrdon" 

by extrapolation oC the high-temperature specific beat Crom ~325" to 29S"K, 
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and since these values appear to be reasonable, the reviewer has included 
these in Table XlV instead of attempting to make his own estimates. 

15. HEAT CAPACITY AT CONSTANT VOLUME AND THE DIln\TION TERM 

The heat capacity at constant volume, C .. is related to the heat capacity 
at constant pressure, C p, by the following expression 

Cp = C. + Cd = Co' + C.' + Cd, (15.1) 

where C, = Co' + Co'; Co' is the lattice contribution to the heat capacity 
at constant volume; Co' is the electronic contribution to the hent cnpncity 
at constant volume; and Cd is the dilation tel'lTI . Co' is given by 

C., = "IT, (15.2) 

where "I is the electronic specific heat constnnt listed in Table XIII, and 
T is the absolute temperature. The dilation term is given by 

Cd = 9a'TV/x, (15.3) 

where a is the linear coefficient of thermal expnnsion listed ill Table Yl, 
V is the atomic volume listed in Table VII, and x is the isothermal COIll ­

pressibility listed in Table V. The difficulty in using Eq. (15.3) to deter­
mine the dilation term is that the coefficient of expansion, the atomic 
volnme, and the compressibility must be known for each temperature at 
which olle wishes to calculate C .. and these quantities, especially the 
compressibility, are usually known over a small range of tempemturl'. 
Fortunately tbis limitation can be overcome. If Eq. (15.3) is rewritten 11'< 

(15.-\) 
and letting 

(15.5) 

II 
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we have 
Cd = ACp'T. (15.6) 

It has been found experimentally that A is almost constant over a wide 
range of temperatures. Thus one needs only to calculate A at a givcn 
temperature to determine C. from Cp over a wide range of temperatures. 
Now rewriting Eq. (15.1) we have 

(15.7) 
or 

C,' = Cp(I - - ACpT) C.'. (15.8) 

The values of A (defined by Eq. (15.5)), C.' and C. (as given by 
Eqs. (15.7) and (15.8), respectively) are listed iu Table XlV. 

The value of C,' rather than the value of C. should be compared with 
the Dulong and Petit value of 3R = 5.DG because C, also contains the 
electronic contribution. In general C. "'" C,' since C., is small, but for a 
few metals, primarily the group lIlA and YA metals, manganese, nickel, 
and its cogeners, the rare earths, w·anium, and transuraniurn metals. C. 
is significantly larger than C,'. The mean value of C.' for the elements is 
5 .80 ±0.39 caljg-at/deg if the values of beryllium, boron, graphite, 
diamond, and plutonium are omitted. This mean value is slightly less 
than the Dulong and Petit value. The error, ±0.39, is equivalent to ±G.7% 
which suggests that C,' is reasonably constant for aU of the elements, 
much more so thnn many of the other so-called "constants" of the ele­
ments (see Sections 5 and 22-29). The mean value of C. is G.OJ ±0.43 
caljg-atjdeg if the values of beryllium, boron, graphite, diamond, and 
gadolinium are omitted. The error ±0.43 is equivalent to ±7.1%, which 
is slightly larger than the elTor for C,'. 

The values for the heat capacities of gadolinium (Cp , C" C.') are 
larger than one might expect, because of the ferromagnetic-paramagnetic 
transition at 289°J( (lGoG). No attempt has been made to subtract the 
magnetic contribution to these heat capacities. 

The variation of the lattice contribution to the heat capacity at con­
stant volume is shown in Fig. 20. In general C,' is aLllost ahm)'s lcss than 
the Dulong-Petit valne (shown as a dashed horizontal line ill the figure) 
with the exception of the alkali and a few of the actinide elements. There 
is also a slight dependence on the location of the clement in the Periodic 
Table. That is, the high values just mentioned for the alkali metals de­
crease as one proceeds to the group IIA clements, rise slightly at group 
IVA and then dip again at group VA. As one continues lllo\·ing to the 
right the value of C.' slowly increases, with some small undulations, to 
the group YIB elements. 
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FIG. 20. Heat capacity d conslant volume (lattice contribution only) of all of the 
elements considered in this review with tile exception of the rare-earth mrt • .! •. The 
horizontal dashed line represents tbe Dulong and Petit value of 3R - 5.96. The open 
points arc estimateJ values. 

The heat capacities of the rare earths are shown in Fig. HJb. Except 
for the values for prn.scodymiu 111 , gadolinium, holmium, and thulium, the 
heat capacities are very close to the Dulong-Petit value. As noted earlier, 
the magnetic contribution to the heat capacity accounts for the anoma­
lously high value for gadolinium. The low values for praseodymiulll, 
holmium, and thulium can be accounted for by the large electronic CO/l­

tribution which is subtracted from C •. As mentioned in Section 13. it 
was thought that perhaps the electronic specific heat constant. "y. i~ loo 
large for these three metals. If one assumes that "Y = 10 mi/g-at/dr~: 
then he obtains C.' values of 5.55, 5.72, and 5.G5 for pruseodymilllll, 
holmium, and thulium, respectively, which are much more reu~onahh- . 
This anomaly in C.' for these three metals suggests that their ml'asurl'oi 
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electronic specific heat constants are too large, and that a value approxi­
mately equal to 10 mj/g-at/ deg' is more reasonable. 

Estimated Data. The data given in parentheses for the dilation term 
A, and the heat capacities C,' and C. arc the estimated values. If one of 
the quantities needed to calculate A, C.', or C, wus estimated, then II. 
C.', or C. is considered to be an estimated vulue. For the elements whi te 
phosphorus, rhombic sulfur, arsenic, antimony, europium, and gadolinium 
the only estimated' quantity was C,'. For scandium and osmium the com­
pressibility was the only estimated quantity. For neptunium both C .. and 
the compressibility were estimates. For polonium C., C.', and the conl­
pressibility were estimated. For white phosphorus both C,' and the thermal 
expansion were estimated. For technetium, actinium, and protactiniulll, 
estimated values were used for C.', C., the compressibility, and the thermal 
expansion. For promethium, francium , and radium all quantities were 
estimates. 

VIII. De bye Temperature 

There is little need to dwell on the theory and the background of the 
Debye temperature, since these are usually well treated in the standard 
textbooks concerned with solids. l\Iore detai lcd discu~sions arc found in the 
review pnpers by Blackman," de Launay," Keesom and Pearlman," 
Herbstein," nnd l\Iitra97 

The Debye temperature can be obtained from specific heat mcasure­
ments, melting points (Lindemann equation), clastic constants, X-ray 
and neutron diffraction intensity data, electrical resistivities, and thermal­
expansion data. Other techniques, which are not as generally applicable 
as those mentioned above, arc of minor importance here. For those who 
are interested, these other techniques are summarized in some of the aboye 
revicws .i3 ,98.97 

Since the Debye temperatures vary with temperature, one must be 
careful when comparing the Debye temperature obtained by one method 
with a Debye temperature obtained by another method. That is, the 
Debye temperatures should only be compared when both were measured 
at the same or approximately the same temperature. This is especially 

N M. nIarkman, in "Randbuch der Physik" (So FIUgge, ed.), Vol. i, Part I , p. 325. 
Springer, Berlin, 1955. 

N J. de Lalillay, SolidSlale Phy.,. 2, 219 (195G). 
"P. H. K"""om and ~. Pearlman, in "Handbuch der Physik" (S. Fliigge, cd.), Vol. 14, 

p. 282. Springer, Berlin, 1!):;0. 
.. F . H. Herbstein, Advan. Phys. 10, 313 (1901). 
"S. S. lIlitra, J. Sci. Ind. Res. (India ) 21A, 76 (l9(2). 
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important for low-temperature measurements, i.e., temperatures below 30° 
to 1000K (- 223° to -173°C). Usually, the Debye temperatures do I1t)l 
show very large temperature variations above this temperature ralll!e, 
although exceptions may be encountered, particularly for those materials 
which have very large Debye temperatures, i.e., > EOO°l(. 

The Debye temperatures as determined by the methods mentioned 
above are discussed in Sections 16-21 and summarized in Tables :XV 
through XYIII. 

16. DEBHl T EMPERATURE FROM SPECIl'IC HEAT DATA 

The Debye temperature as determined from specific heat measure­
ments is designated as OS, and any subscript which may be given indicates 
the particular temperature (absolute) at which 8s was evaluated; e.g., 
80

S indicates the Debye temperature was evaluated from specific heat 
data at OOK (-273°C). The Debye theory of the lattice specific heat 
gives the following expression for the heat capacity of a solid: 

Cv' = 3R[J(y) - yJI(y)J, 

where R is the gas constant, y = 8sl T and J (y) is given by 

3 fV 11' dy 
J (y) = - --. 

1I'0ev -l 

(16.1) 

(16.2) 

The integral in Eq. (16.2) has been solved, and tables of C,' versus OSI T 
may be found in a number of sources."'"'''''' The tables given by 
de Launay" and Zemansky·· are quite a'bbrcyiated compared with those 
of Simon," and Lewis et al. (Appendix 5)." At low temperatures when 
8s1T« 1, Eq. (16.1) can be written as 

C.' = 464.4(TI80S)., (16.3) 

which is seen to be identical to the last term in Eq. (13.1). It is appropriate 
to use the subscript 0 with OS in Eq. (16.3) since the Debye temperature 
and electronic specific heat constant, ,)" are evaluated frol11 a plot of 
C.IT versus T', where ,), is the intercept at T = OOK and 4G.t.4/ (8 .. s), is 
the slope of the straight line. 

Debye Temperature at OOK. The Debye temperatures Oos arc listed in 
Table XV. The value of 80S varies from a minimum value of 40°1, for 

.. ~L ,V. Z('mnnsky, "Heat and Thermodynamics," 4th cd., p. 2mi. )frGraw-lIifJ, XC' \\" 
York, 19,j7 . 

.. F. Simon, i .. "Hnnrlbuch der Physik" (H. Gdger and Ie Schecl, cds.), Vol. 10, p. ~ni. 
Springer, Berlin, 1902; it.hould be noted that these tahles nre ",,-,rd on a value or H -
1.983 and, therefore, the values given fOI C.' nre too low by O.2 SO. 
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TABLE XV. DEB\'E TEMPFUATl:"RES OOTAINED }-'ROM Sr'ECH'IC HEAT DATA (0") TABLE XV. DEBYE TElIPERATURES OOTA1SED FHOM SPEClnC HEAT DATA (0 8) 
AND FRO~1 THE LIXDE~IASN EQUATION (Oll)4,II,c AND FROlI THE LINOEltANN EQUATION (O"'- )G,II ,C-Conlinued 

90 8 II 8~"s /I 0" • 
Element (OK) Ref. (OK) Ref. (OK) 80 8 II 8~ .. 8 • 0" • 

Element (OK) Ref. (OK) Ref. (OK) 

3 Li 352 ±17 1,2 448 476 
4 Be 1160 3 1031 1062 
5B 1315' 4 1362 1286 50 Sn(w) 106 ±9 71,73- 75 170 97 356 

60(g) 402 ±II 5,6 1550' 1471 51 Sb (150)1 200 97 143 

60(d) 2240 ±5 7 18H 52 Te 141 ±12 52,76 121 

11 Na 157 ±1 1,8- 11 155 ±5 96,97 193 55 Cs 40 ±5 53,54 43 99 SO.8 

12 Mg 396 ±54 · 12- 14 330 354 56 Ba 110 .5 ±1 .8 20 116 99 111 

13 AI 423 ±5 15,16 390 37S 57 La 1-12 ±3 22 135 ±5 101 144 

14 Si 647 ±II 17,18 692 468 58 Ce(y) (146)1 138 102 140 

15 p ew) (193)1 (576)1 184 59 Pr 85 ±1 77 138 103 147 

15 Per) (325)1 (800)1 310 60 Nd ( 159)1 148 ±8 152 

16 S(r) 2SO- \9 527 19 202 61 Pm (158)1 (151)1 

16 SCm) (200)1 191 62 Sol 116 77 148 ±4 101,102 153 

19 K 89.4 ±0 .5 1,11 100 96,97 114 63 Eu (127 )1 121 

20 Oa 234 ±5 20,21 230 96,97 246 640d ( 170)1 155 ±3 101, 104 162 

21 Sc 470 ±SO 22 (476)1 356 65 Tb ISO 78 158 101 165 

22 Ti 426 ±5' 23-25 380 97 ass 66 Dy 172 ±35 77,79 ISS 101 167 

zav 326 ±54 23,26-28 300 97 446 67 Ho 114 ±7 77 161 101 169 

2·1 Or 598 ±32' 23,29,30 42-1 460 68 Er 134 ±10 77 163 101 171 

25 Mn 418 ±32 23,31,32 363 374 69 Tm 127 ±l 7; 167 101 173 

26 Fe 457 ±12 33- 35 373 410 70 Yb 118 80 120 

27 Co 452 ±17 35,36,37 386 402 71 Lu 210 81 166 100,101 176 

28 Ni 427 ±14 29,38 345 401 72 Hf 256 ±5 23,25 213 99 240 

29 Ou 342 ±2' 21,25,3943 310 333 73 Til 247 ±13 23, 26, 55. 82, 83 225 97 266 

30 Zn 316 ±20 4448 237 ±3 96,97 216 HW ass ±17' 23,59,84 312 ±3 !l6,97 2!lJ 

31 On 317 46,49 240 97 127 75 Re 420 ±22 23,85 275 99 287 

32 Ge 378 ±22 18,50,51 403 237 76 Os 500 23 400 105 283 

33 A" (236 )1 275 98 225 77 Ir 425 ±5 23,61 228 255 

34 Se 151.7 ±0.4 52 136 78 Pt 234 ±1 62,86 2'15 ±5 06,97 215 

35 Rb 54 ±4 53,54 59 9n 69 . 1 79 Au 165 ±1 39, 43, 48, 62 178 ± 8 96,97 166 

as Sr 147 ±l 20 148 99 158 80 Hg .--i5 76 92 ±8 96,97 62 .0 

39 Y 268 ±32 22,55 214 100 229 81 TI S8 ± 1 87, S8 96 97 90 . 1 

40 Zr 289 ±~·I 12,23,25 250 97 277 82 Pb 102 ±5 89,90 7 ±I !l6,97 89. 5 

41 Nb 241 ±13 55-57 260 55 340 83 Bi 119 ±2 91-93 116 ±5 06,97 80.6 

42 lIlo 459 ±11 23, 55, 58-60 377 360 8<l Po (S I )1 77 .1 

43Tc (351 )1 (422)1 335 87 Pr (39)1 (37.5)1 

44 Ru 600 23 415 345 88Ra (89) 1 (84 .9)1 

45 Rh 480 ±32 23,61,62 350 319 80 Ac (124 )1 liS 

46 Pd 283 ±\6 63-65 275 97 2i7 90 Th 170 94 100 97 151 

47 Ag 228 ±3 39, 43, 65--68 221 216 91 Pa (159)1 (262)1 ( 152 )1 

48 Cd 252 ±4S' \4,69 221 135 92 U 200 94 300 143 

49 In 108 .8 ±0.3 70,71 129 07 107 93 "P (121)1 (163)1 115 

SO Sn (g) 236 ±24 50,72 254 330 94 Pu 171 95 176 95 liS 
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• 6," refers to the DeLye tempernture at O' K or to a temperature which is as close to 
O'K as possible. If the temperature is d ifTerent from O' K, it is noted in u footnote. 

• 6 ... • refers to the Debye temperature at 298' }, liS calculated from the specific hent 
at cODstant volume (Table XIV) , unless otherwise noled. The vnlues tllken from the 
references cited are generally for Debye temperatures determined at ~!6s. 

• 8M refers to the Dcbye temperature calculated from the Lindemann equation. 
using the consta.nt 138.5; sec text for further discus~i()u. 

• Calculated by K aufman and Clougherty' from the data of Johnston et 01.''' Thi, 
value applies to a tcmpernture of 13' 11:. 

• See text for further discussion. 
I Estimated value; see text for further discussion. 

• Tlus value applies to 40' K From an extrapolation of nigh-temperature data to 
O'I< a vulue of 105' K is obtained for 0,'. 

• Rajdev and Whitmore'" re-eva luated lIlartin', data" and obtained a value of 
6," ~ no which lies within the error listed above. 

; Mean value of Debye temperature calculated from C. (Table XIV ) and Debye 
tempe",tures given by "Iurao'" alld Arajs and Colvin.''' 
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cesium to a maximulll value of 22~OO!{ for diamond. ~lost of the values 
for Oos, however, are less than GOO°1\:. 

The vad!l.tion of Oos for the elements of the fourth, fifth, and sixth 
periods of thc Periodic Table is shown in Fig. 21. The usual behavior as 
Doted for other properties is seeD in this figure, although there are somc 
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FlO. 21. Debye temperature at O"K, a. detennined from specific heat data-of the 
clements of the fourth. fifth. and sixth periods of the Periodic Table. Open points arc 
estimated values. 
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significant differences. The similarity is shown by the low values at the 
beginning and end of each period; and by the major and the minor maxima 
and the minimum, ncar group VIlA, group 1\'13, and gl'oup nIB, respec­
tively. The major difference is that for most properties the values for the 
elements of the sLxth period are larger than those of the fifth, which arc 
larger than those of the fourth. For the Debye temperatures (Fig. 21 ) 
the reverse is generally observed. Other differences are that a maximum 
occurs ncar group IVA, and that the broad maximum near group VIlA, 
seen for other properties, splits up into two maxima and a minimum. 

The (J.s values for the rare earths arc shown in Fig. 22a. The data seem 
to lie on two different curves. The upper curve connects the e).:perimental 
values obtained for lanthanum, terbium, dysprosilUn, and lutetium and 

(0) Oebye temperature 01 OOK 
240rr-r'-'-'-'-~~r-r-r-"ro-.. 
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o • .. ---. -----.-- . ---
fb) Oebye temperature at 298°K 
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FIG. 22. (n) Debra tr mrwrature at O'K, as detprmin{'d [rom specific hrat data o[ the 
rare-carth metals. (b) Dcu)". temJX'raturc Ilt ~!)~'I\ of the r"",-cnrth metals. n. dete r­
mined from the !!p<'cific hrat , Un,s, (rom etMtir rons tants, 8tnK, and from the Lindemann 
Equation, 6". Open points are estirulltcd values. 
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the estimated values of cerium, neodymium, promethium, and gadolinium. 
The values for europium and ytterbium lie below this curve because they 
are divalent." Unfortunatcly these two values (Eu and Yb) lie near the 
lower curve, and it should be pointed out that they are not related to it. 
The lower curve connects the values of praseodymium, samarium, holmium , 
erbium, and thulium. As noted earlier (Sections 13 and 15), the electronic 
contribution to the specific heat is anomalously high and is probably 
incorrect for praseodymiwn, holmium, and thulium. Because of this it is 
quite possible that the lattice contribution is also incorrect. The lattice 
and electronic contributions to the specific heat of these three metals 
and also samarium and erbium is difficult to evaluate, especially at low 
temperatures, because of Ule magnetic and nuclear contributions. Thus it 
appears that (J.s is also too low for samarium and erbium. 

Titanium. The value of (J.s given by Estemlann, et al. loo for titanium 
(280°) is not included in the average (426 ±5°) since it is significantly 
smaller than the other values given in the literature . 

Chromium. Since the value of (J.s given by Estermann et aUoo for chro­
mium (418°) is significantly smaller than the other literature values 
(598 ±32°), it is not included in the average. 

Copper. The value of g; was found in general to decrease with increasing 
total nlU11ber of impurities in copper, if the purity was less than 99.99%. 
Therefore, only (Jus values for copper specimens which had a purity of 
99.99% or greater are considered here. The value given by Franck et 01. 1• 1 

(327°) is not considered in the average, since it is smaller than the seven 
other values given in liternture (343° ±2°K). 

Tungsten. The values given by Daunt and co-workers""" for (J.s (250° 
and 169°) arc much somller than those given by others (388° ±17°) 
and therefore are not included in the average. 

Estimaled Dala. The estimated (J.s values were calculated using the 
Lindemann equation and the constant 145.1 (the choice of this constant 
and further details are ~ribed in Section 17). The (J,p values were esti­
mated for while and red phosphorus, monoclinic sulfur, arsenic, technetium, 
antimony, or-cerium, neodymium, promethium, europium, gadolinium, 
polonium, francium, mdium, actinium, protactinium, and neptunium. 

Debyc 1'cmpcralu1'e at 298°1(. The Debye temperatures at 298°1';: , 
(J"",8 are also given in Table XV. They were evaluated from C.' (Table 
XIV) by using the tablcs of C.' versus (Js/ T given by Lewis et al.07 For a 
few elements the values of (J",.s obtained in this manner were quite un­
reasonable, primarily because C.' was too large. These (J.".s values wcre 
dh;cardcd and replaced by morc reasonable values of (JTS, where l' rcf~rs 

100 I . Estermllnn, S. A. Frirdbcrg, and J. E. Goldman, Phy •. Rev. 87, 582 (1052). 
10. J. P. Franck, F. D. MnnclIester, and D. L. !llartin, Proc. Roy. Soc. A263, 494 (1961) . 
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to the so-called high-temperature OS values found in the literature. The 
0";S8 values obtained from the literature arc identified by citations in the 
reference column for O""s. 

Since the values of Oms arc usually large when Oos values are large, 
and small when 8.s values are small, no plot of O""s versus the group (simi­
lar to Fig. 21) is included here. The values of 0, .. ,8 vary from a minimum 
of 43°l( for cesium to a maximum of 1874 °I~ for diamond. 

A plot of Oms for the rare earths (triangular points) is shown in Fig. 
22b. It is seen that there is a small but smooth increase in O,.,s with in­
creasing atomic number, which is approximately parallel to the Lindermann 
value, 8·\1. This smooth increase contrasts with the scattercd data shmm 
in Fig. 22a for Oos. 

Graphite. Examination of Oos and O,.,s for graphite shows a very large 
difference (OoS = 402°K and Oms = 1550 0K). DeSorbo!02 has plotted OS 
versus temperature, which shows that Os increases very rapidly with tem­
perature from 0105 = 500 0 K at lOOK to 0,.5 = 9000 K at about 75°IC. 
The values given in Table XV and the curve given by DeSorbo are in 
reasonable agreement. 

Estimated Data. The estimated values of O,..s for white and red phos­
phorus, scandium, technetium, protactinium, and neptunium arc based 
on the estimated C,' values listed in Table XIV. For those elements for 
which no values are listed (monoclinic sulfur, selenium, tellurium, prome­
thium, europium, ytterbium , polonium, francium, radium, and actinium) , 
reasonable estimates for 8,.,s may be obtained from the Lindemann equa­
tion, which is also listed in Table XV. 

17. LINDEMANN EQUATION AND THE DEDYE TEMPERATURE 

In 1910 Lindemann!03 showed that the Debye temperature 8.11 is related 
to the melting point T m, atomic mass JlI, and atomic volume V, of a sub­
stance, according to the following expression: 

(17.1) 

In Eq. (17.1) K is a constant approximately equal to 130. This expression 
is commonly called thc Lindemann equation or the Lindemann law. 
Several values for K have appeared in the literature; Blackman" gives 
115, Zemansky!o, gives 13i , and Kaufman!O.\ gives 135.2. The value for 
K is determined by substituting experimental ,"alues of 8 ill Eq. (17.1) 

1 .. W. DcSorbo, Acta Met. 2, 274 (I95~). 
1 .. F. A. Lindemann, Physik. Z.ll, 609 (1010). 
1M 1\1. 'V. Zcmnllsky, "Heat aod Thermodynamics." 4th ed., p. 270. 1lcCraw-HW, New 

York,1957. 
... L. Kaufman, Tran8. A.IM E 224, 1006 (1962) . 

.-~. 

e . * ria # +s< e t 1 

PHYSICAL PROPERTIES AND Il\"TERRELATIOl\"SHIPS :liD 

for as many substances as possible. The value of K depends on the number 
of Debye temperatures available, since T m, M, and V arc known for almost 
aU the clements, and the value depends also on which Debye temperature 
one chooses, i.e. , 80

S , 8m s, or sOllie other o. Because this information was 
not given for the above literature values, K was evaluated from bolh 
Oos and 8",,5. Substituting 80

S into Eq. (17.1), K was found to be 1-15.1 ±3 t.G 
for 59 elements. The Oos values for graphite, gallium, germanium, ruthenium, 
cadmium, osmium, and iridium were not used to evaluate K. SUbstituting 
0 ,.8S into Eq. (17.1), K was found to bc 138.5 ±25.G for !H elements. 
The O,.,s vlllucs for white and red phosphorus, rhombic sulfur, galliulll, 
germanium, and cadmium were not used to evaluate K. 

The standard deviations indicate that there is really not much differ­
ence between the two values of K obtaincd here. It is also seen that the 
range of the standard deviation for eithcr K value includes the three 
literature values cited. The K value of 138.5 was used to calculate the 
OM values listed in Tablc XV, primarily because its standard deviation 
was less than that of the K value of 145.1. The K value of 145.1 was, how­
ever, used to estimate the 80S values for those elements for which no experi­
mental data existed. 

Because of the relationship between 0.5 and OM, and since Oos is shown 
in Fig. 21, no plot of OJf is shown for the elements of the fourth, fifth, 
and sixth periods of the Periodic Table. A plot, however, of OM versus 
the atomic number for the rarc-carth clements is shown in Fig. 22b. The 
OM value increases smoothly with increasing atomic number, and with a 
slope similar to 8'!.'J88 . The 101V values for europium and ytterbium follo\\· 
directly from the low melting points and the large atomic volwnes of these 
two elcments as compared with those of the other rare earths. Again 
this is a manifestation of the divalent character of these two clements." 

Estimated Data. The values for promcthium and francium are shown 
as estimatcd data since their melting points and atomic volumcs wcre 
both estimated. The values for radium and protactinium are shown as 
estimated data because the atomic volume of radium and the melting 
point of protactiniulll were estimated. 

18. DEB.E TE~lPEnATunE FROM ELASTIC CONSTANTS 

Debye temperatures can be calculated from the single-crystal claslic 
constants C;j and from the polycrystalline elastic constants c, and c/. The 
details for determining Debye temperatures arc given in the reviews of 
Blackman," de Launay," Herbstein," and ~Iitra," and are not discll,:<,'d 
here. The Debye temperatures determined from elaslic constants at 0°1\, 
O.E, lind at 298°I(, O",B, are listed in Table XVI. For convenience in ll1f1kil1~ 

--
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TABLE XVI. DEDYE TEMPERATURES OBTAI"ED FRO" SPECIFIC HEAT DATA (B8) 
AND FROM EL..-\.STIC COXSTANTS (8E)",b,c 

Element 

3 Li 
4 Be 
6 C(d) 

11 Na 
12 ilIg 
13 Al 
14 Si 
19 I( 
20 Ca 
22 Ti 
23 V 
24 Cr 
25 I\1n 
26 Fe 
27 Co 

28 Ni 
29 Cu 
30 Zn 
31 Ga 
32 Go 
37 Rb 
38 Sr 
39 Y 
40 Zr 
41 Nb 
42 1\10 
44 Ru 
45 Rb 
46 Pd 
47 Ag 
48 Cd 
49 In 
50 So(w) 
51 Sb 
55 Cs 
56 Ea 
57 La 
58 Ce(a) 
58 Ce(,.) 
59 Pr 
60 Nd 
62 Sm 
64 Gd 
65 Tb 

352 ±17 
1160 
2240 ±5 

396 ±54 
423 ±5 
6·17 ±ll 

326 ±54 

457 ±12 

427±14 
342 ±2 
316 ±20 

378 ±22 

459 ±11 

336 .3 ±2.1 
1462 
2:.140 ±5 

387 ±1 
428 
649 

399 

4i7 

476.2 ±0.1 
345 
324 ±8 

375 

474 

283 ±16 275 ±8 
228 ±3 227 
252 ±48 212 ±1 
108 .8 ±0.3 111 .3 ±1 . 1 
236 ±24 201.6 ±2.6 

1 
2 
3 

Hef. 

1,4 
1,5 
6 

7 

8 

1 
1,9 
1,10-12 

10 

13 

14 
1,9 
15 
16 
17 

350 ±9 
1367 
2010 ±16Gd 

164 ±19 
363 
403 ±8d 

576 ±71 
77 

208 
373 
394 ±18 
454 ±1 
461 
466 ±2d 
446 
443 ±17 
332 ±6d 

231d 

89 
323 ±48 
55 

133 
250 
231 
328 
454 ±11 
512 
478 
264 
213 ±2d 

160±8 
S5 

184 ±I 
187 
40 
97 

149 
118' 
135 
144 
147 
135 
173 
173 

Ref. 

6,10,18,19 
19 
6,10 
6,18-20 
19 
5, 6, 10, 18, 19 
6,10 
18 
19 
19 
6,7,19 
6,19 
19 
6,19 
19 
6,19 
6, 10, 18, 19 
20 
19 
6,19 
19 
19 
21 
19 
19 
6,19 
19 
19 
6,19 
6 10,18,19 
10,20 
19 
10,19 
19 
19 
19 
21 
22 
21 
21 
21 
21 
21 
21 
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TABLE XVI. DEBYE TE>lPERATURES OBTAINED FRO>! SPECIFIC HEAT DAT.' (B8) 
AND FRO" ELASTIC CoNSTANTS (BE )····'-Continued 

Element 

56 Dy 
67 Ho 
68 Er 
70 Yb 
72 Hf 
73 TIL 
74 W 
75 Re 
76 O. 
77 Ir 
78 Pt 
79 Au 
80 Hg 
811'1 
82 Pb 
83 Bi 
90Th 
94 Pu 

247 ±13 
388 ±17 

165±1 

102 ±5 

170 

262 
384 

162 

105 

8~· 
(OK) 

164.2 

Ref. 

13 
13 

1,9 

6 

6usE • 

(OK) 

180 
183 
191 
94 

181 
257 
370 ±4d 
421 
431 
414 
229 ±6 
160 ±4 
167 
55 
81 ±9 

113 ±2 
158 ±I 
178 ±1 

Ref. 

21 
21 
21 
21 
19 
19 
6,19 
19 
19 
19 
6,10,19 
6,10,18-20 
19 
19 
6,10,18,19 
10,19 
6 
23 

. B.· is the Debye temperature at O°I( &8 determined from specific heat data; v~lue8 
nrc taken from Tltble XV. 

• B.E is the Debye temperature at O°I( &8 determined from elastic constants. 
, B",E i. the Debye temperature at 298°I{ as determined from elastic constants. 
d See text for further discussion. 
, Extrapolated from high pressure data of Voronov et al." to zero pressure. 
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comparisons the 80
8 value for each corresponding 80

B is listed in the second 
column of Table XVI. These 80

8 values were taken from Table XV. Exami­
n~tion of 808 and OoE shows that 808 = 80

B within the experimental error 
gIven .or within ±5%, :vhichever is greater, for all of the elements except 
beryllIum, vanadlWl1, lllckel, and white tin. The reason for the discrepancies 
for vanadium and nickeIH". is not understood, but the discrepancies for 
beryllium and white tin may be due to an anisotropic contribution to tho 
specific heat'" (which has a T'dependence) which had not been taken into ac­
c~unt when the low-temperature data were evaluated. Because of the spar­
sity of data, no plot of 80

B values is given here; but such a plot would be 
expected to be similar to Fig. 21 since OoE ~ 80

B• 
There arc many more data available for 8,.,8 than for 80B • The corre­

sponding 829,8 values are not included ill Table XVI, but a comparison of 
829,B to 82988 is found in Table XVIII along with several other comparisons 
of Debye temperatures. Close examination of the data for 8,.8E /O,.,s shows 
that only about 42% of the experimental values of 829'£ lie within 100/.: 
?f 8"88 and 70% lie within 20% of O""s. This suggests that 8'~88 = 8,) 
IS a rather poor approximation, as compared with 8u8 = 80

B • Further 
analysis reveals that 27 of the 60 0",£ val ues are smaller than the corre­
sponding 0""88 values. This indicates that there is no systematic discrepancy 
between 8",8 and 0",£; e.g., 8m" is generally not smaller than 8,~,8. 

The Debye temperatures obtained from elastic consto.nts, O",E, for 
~he rare earths are shown in Fig. 22b. Tbe agreement of 8,."E with 8,..s 
IS reaso.nable for the rare earths lanthanum through samarium, and also 
for terbIUm. The agreement becomes poorer as the atomic number increascs. 

Diamond, Alwnintllll, I ron, Copper, Sib'cr, and Tungstell. The Debye 

''''11'01. added in proo.!: J. A. :,rorrison and L. S. Saller (Phys. Leite,. 9, \10 (1964) ) 
bavo .hown that ,r hIgher order tcrms (8"eh as 7', P, elc.) arc incluurU in Eq. 
(13.1), then the rcsultIng 00$ value for vanndium is in agrcc.mcnt with the OoB value. 

.Ot C. W. Garland and J. Silvcrm!lll, J. CiI.",. Pilys. 34, 781 (J9GI). 
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temperatures, 829,E, given by PostI07 for diamond, aluminum, iron , copp<'r. 
silver, and tungsten are not included in the average values listed in Tuble 
XVI because Post's values arc significantly smaller than the othel' vulues 
given in the literature. 

Zinc. The Debre temperature given by MasinglO8 for zinc (303°K ) is 
significantly larger than Post's value (231 °K),'07 but since Post's value is 
in much better agreement with 829,8 than Masing's value, the lower value 
was listed in Table XVI. 

19. DEBYE. TBMPERATURE FROM ELECTRICAL RESISTIVITY 

The Debye tempcrnture may be calculated from the temperatUl'e 
dependence of the electrical resistivity.'" The values obtained in this 
maImer are given in Table XYII under the heading 8m

R
• The subscript III 

signifies that 011 is an average value which fits the experimental data over 
a wide range of temperatures. In general these ranges are as largo as 
~200K to 500° or GODoK, and thus the values should correspond closely 
to those obtained by other techniques at 298°1(, e.g., 829.8 and 8,.,". 

In general the 8,.R values obtained from different sources agree with 
one another within about ±25°K, which indicates that 8m

R values lire 
probably not more accurate than that. Because of the lack of sufficient 
data, no plots were made for these Debye temperatures. The 8m

u values 
range from a minimwn of 37°J( for mercury to a maximum of 495°K 
for chromium. A comparison of 8m

ll with 02988 is given in Table XYUI. 
Close examination reveals that ouly about one-third (34%) of the 8mR 

values lie within ±10% of the corresponding 8,.88 values and that o.bout 
two-thirds (08%) lie within ±25% of 829,8. Hence the agreement between 
8mR and 8,.,8 is poorer than it is bet,,·een 8"8" and 8, ... 5 (Section 18). Further­
more, there is a tendency for 8m

R to be larger than 8,,,,8, i.e., 71% of the 
8.,R values are larger than the corresponding 82988 values. Thus we find 
that 8m

R > 829,8 is probably a better approximation than 8m
R = 029,8. 

20. DEBYE TEMn:llATURE FROM THERMAL EXPANSION 

The derivation of the Debye tempemture from thermal expansion 
measurements is discussed by Blackman" and therefore no det.ails will be 
given here. The values for tho Debye temperatures as determined from 
thermal expansion (dillltometric) data, OmD , are listed in Table XYIf. 
The subscript 111 has the same significance as mentioned above for Om

R 

.. , E. J . Post, Can. J. Phy •• 31, 112 (19;;3). 
101 G. ~lnsiDg, uLchrbuch dcr Allgcmcin('o ~Ictallkl1nde." Springer, Berlin, 19,j() . 
10. J. ~I. Zimau, "Eleclrons and Phonons," Oxford Univ. Press, London nnd :'\cw York, 

1960. 
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TABLE XVII. D E D\'E TEMPE R.<TURES OUTAlNF.D mOM ELECTRICAL RESISTIVIT\~ (8 m
R), 

THERMA.L EXPANSION' (8m
D), AND X-RAY I NTENSITIES' DATA (81) 

Element 

3 Li 
G C(d ) 

11 Na 
12 l\!g 
13 Al 
14 Si 
19 K 
21 Sc 
22 Ti 
23 V 
24 Cr 
26 }<'e 

27 Co 
28 Ni 
29 Cu 
32 G. 
33 As 
37 Rb 
38 Sr 
39 Y 
40 Zr 
42 Mo 
44 Ru 
45 Rh 
46 Pd 
47 Ag 
48 Cd 
49 In 
50 So(w) 
51 Sb 
55 C. 
56 Ba 
73 Til 
74W 
75 Re 
77 Ir 
78 Pt 
79 Au 
80 Hg 
811'1 
82 Pb 
83Bi 
90 Tb 

356 ±26 

205 ±28 
357 
422 ±17 

148 ±34 
275 
342 

495 
494 ±25 
401 
274 
336 ±19 

210 
75 ±IO 

171 
201 ±14 
281 

426 
394 ±25 
270 
219 ±~O 
158 
198 
210 
241 

45 
133 
228 
359 ±2G 
310 
316 
235 ±5 
189 ±14 
37' 

140 
89 ±3 
62 

1GB 

Ref. 

1- 3 

1-3 
1 
1,2 

1,3 
4 
5 

5 
5,6 
5 
5 
1-3 

1 
1,3 
1 
7,8 
5 

5 
2,5 
5 
1-3,9 
I 
1 
5 
5 
3 
1 
5 
2,5 
5 
5 
i;,6 
1-3 
1 
I 
2,5 
5 
5 

Ref. 

1860 9 

390 ±11 10,11 

270 

418 ±3 

405 ±5 
320 ±5 

388 

12 

10,11 

10,11 
9-11 

10 

300 10 
209 ±12 1(}"12 

252 
310 

10 
10 

233 ±3 9,10 
183 ±7 9-11 

88 10 

306 
1730 ±220" 
114 
307 
383 
555 ±39 

337 ±25' 
566 
404 ±Ii 

341 
308 ±4 
283 ±5 

389 
341 

211 

151 ±26 

67 .0 

Ref. 

13 
14' 
15 
16 
13 
17,18 

19 
20 
20,21 

20 
13,22 
18 

20 
16 

23 

24 

13 
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• 8m
R is the Dcbye temperalure determined from electrical resistivity duta. TheEe 

Deby. tempemlures usunlly correspond to ao average value for a wide range of tem­
peratures. 

'8m
D is the D ebye temperature determined from thermal expansion data. These 

Debye temperatures usually correspond to an average value for a wide runge of tem­
peratures. 

'8 ... 1 is the Debye temperature at 29B'X;: !ll! determined from X-ray intensity duta . 
• This value was calculated by H erbsteiu" from the data given by Carpenter" and 

Post." 
, Calcubted from neutron diffraction data. 
I This value corresponds to that for solid mercury. 
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TABLE A"VIlL COMPARISON OF DEOYE TEMPERATURES TABLE XVIIL COMPARISON OF DEB\"E TE"PERATuREs-Conlinu,d 

Element 8t .. E /O, .. 8 OmR/ 8uaS Omo/On.s Ou,t/Ous8 Element e",£ /e",8 owR/ou,B {Jff1D/ Ous8 oust/Ot .. a 

3 Li 0 ,781 0 .795 - 0 .683 66 Dy 1.130 - - -
4 Be 1.326 - - - I 67 Ho 1.137 - - -
6 C(dl 1.073 - 0 .992 0.923 

I 
68 Er 1.172 - - -

11 Na 1.058 1.323 - 0 .736 ! 72 Hf 0 .850 - - -Il 12 Mg 1.100 1.082 - 0.930 73 Ta 1.142 1.013 1.200 -
Ii 13 Al 1.033 1.082 1.000 0.982 ! 74 W 1.186 1.151 0.994 -

14 Si 0 .832 - - 0.802 75 Re 1.531 1.127 - -• 19 K 0 .770 1.480 - - 76 O • 1.078 - - -
20 Ca 0.904 - - - 77 Ir 1.816 1.386 - -
21 Se - 0.578 - - 78 Pt 1.018 1.044 1.036 0 .671 I ~ 22 Ti 0 .982 0.900 0 .711 - 79 Au 0 .899 1.002 1.028 -
23 V 1.010 - - 0.864 80 Hg 1.815 0.402 - -
24 Cr 1.071 1.167 - 1.355 81 TI 0 .573 1.458 - -
25 ~fn 1.270 - - - 82 Pb 0 .931 1.023 1.011 0.770 

~ 26 Fe 1.249 1.324 1 . 121 1.083 83 Bi 0.974 0.535 - -
27 Co 1.155 1.039 - - 90Th 1.580 1.680 - -
28 Ni 1.284 0.794 1.174 0 .988 94 Pu 1.011 - - -
29 Cu 1.071 1.084 1.032 0.994 
31 Ga 0 .371 - - -
32 Ge 0 .802 - - 0.702 (Section 19). In general, the temperatures range between ~20oK and 33 As - 0 .764 - -

~4.00oK, and thus the OMO values correspond more closely to 0, ... 8 than 37 Rb 0 .932 1.271 - -
38 Sr 0 .899 1.155 - - to 00

8 • 

39 Y 1.168 0 .039 - - Examination of the data given in Table XVII indicates that the values 
40 Zr 0.924 1. 124 - - obtained from several sources are in very good agreement, usually within 
41 Nb 1.262 - - - I ±10°K. The Omo values range from a minimum of SS°l( for lead to a 42 Mo 1.204 - 1.029 1.032 

maximum of IS60°!\: for diamond. A comparison of 8MO and 8"",8 values 44 Ru 1.234 1.027 - 0 .822 
45 Rh 1.366 1.126 - - is given in Table XVIII. These data show that two-thirds of the Omo 
46 Pd 0 .960 0.982 1.091 - values lie within ±10% of the corresponding 0,..8 values, and that four-
47 Ag 0.964 0 .991 0 .946 0 .955 fifths of them lie within ±20%. This represents the best agreement be-
48 Cd 0.724 0 .715 - - 1 tween Debye temperatures measured by different techniques , except for 49 In 0 .659 1.535 - -

the Oos and 00" values. Further examination reveals that Omo is larger than 50 Sn(,,') I.OS2 1.235 - -
51 Sb 0 .935 1.205 - - Oms for two-thirds of the values listed here. From these observations 
55 Cs 0 .930 1.041 - - one would conclude that, in general, 0 • .0 is slightly larger than 82988 • 
56 Ba 0.836 1.147 - -
57 La 1.104 - - - 21. DEBYE TEMPERATURE FROM X-RAY INTENSITY DATA 68 Cetyl 0 .978 - - -
59 Pr 1.0-13 - - - The determination of the Debye temperature from X-ray intensity 
60 Nd 0 .993 - - - data is described quite thoroughly by Rerbstein" and Ibers et al."° For 62 Sm 0 .912 - - -
64 Gd 1.116 - - - "' J. A. Thera, D. H. Templeton, B. K. Vnin. hlein, G. E. Bacon, and K. 1.<>n"'lIIlo: in 
65 Tb 1.005 - - - "International Tables [or x-n.y Crys!:lllogrnphy, III. Physical and Chem.c"l 

Tables," p. 237. J\ynO<'h, Birmingham, England, 1962 . 
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this reason no further discussion is warranted here. The symbol 0,..' is 
used herein to represent the Debye temperature determined from X-ray 
or neutron ditTraction intensity data. The subscript refers to the tem­
perature at which the experimental data were obtained. It should be noted 
that the experimentally measured 01< value is not directly comparable 
with 03 , because these two quantities arc defined differently."·Il' Zener 
and Bilinsky'" showed that the ratio of O" / Os can be expressed as a func­
tion of Poisson's ratio; thus, from the known Poisson's ratio (Table III ) 
of the material whose 0" has been experimentally determined, one can 
calculate the 01 value which sbould be compared with Os. All of the values 
given in Tables XVII and XVIII are 01 values; that is, the experimental 
values 0" have been converted to 01 by the method of Zener and Bilinsky. 

The 02981 values for 17 elements are listed in Table XVII and arc COlll­

pared with 02985 in Table XYIII. It is seen that the 0,,/ values range from 
a minimum of 67°I( for lead to a maximum of 1730 0 K for diamond. Exam­
ination of the ratio of 8,..' / O,..s in Table XYlII indicates that only 47% of 
the 8, .. 1 values lie within ± 10% of the corresponding 8",s, and that about 
70% lie within ±25%. Thus the agreement between 8,..1 and 0,..5 is poor. 
Furthermore, o,.l is less than O,..s for about 82% of the elements. Since, 
as noted earlier, 8".B ~ 0,..5 (i.e., approxinmtely equal numbers of values 
of O".B are larger and smaller than 8,.8S) and since 029l < 829•5 , it is con­
cluded that 8,..' is generally less than 0".£. This is in agreement with the 
observations of Blackman" and Herbstein." 

IX. Some Interrelationships and Derived Properties 

22. RATIO OF YOUNG'S MODULUS TO THE SHEAH l\!ODULUS 

The ratio of Young's modulus to the shear modulus, Y / Il, is essentially 
a constant for all materials. This is quite easily seen from Eq. ( II.! ) or 
(5.1), which show that Y /Il is related to Poisson's ratio. Since Poisson's 
ratio is practically a constant, equal to 0.301 (sec Section 5), we find 
Y/Il = 2.604 from Eq. (5.1). Furthermore, since Poisson's ratio can only 
have values between 0 and 0.5, the minimum value for l' /Il is 2.0 and the 
maximum is 3.0. Poisson's ratio is usually measured directly and not 
calculated from the two moduli; thus the interrelationships, as given by 
Eq. (ILl) or (5.1), among the three quantitics serve as a check on the 
consistency of the three measured val ups. 

The l' /Il ratios, which urc listed in Table XIX, were calculated from 

III C. Zener and S. Bilinsky, Ph ys. Rev. 60, 101 (1936). 
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TABLE XIX. RATIO OF YOUNG'S MODULUS TO TilE SnEAD Mooul.US 

Element Y/ I' Element Y/I' Element Y/I' 

3 Li 2.72 3S Sr (2.71)- 65 Tb 2.52 
4 Be 2.08 39 Y 2 .51 56 Dy 2.49 
5B 2 . 17 40 Zr 2.70 67 Ho 2.52 
6 C (g) 2 .56 41 Nb 2.80 68 Er 2.48 
6 C(d) 2.50 42 Mo 2.83 69 Tm (2.48)-

11 Na 2.61 43 Tc (2.59)' 70 Yb 2.56 
12 Mg 2 .55 44 Ru 2.58 71 Lu (2.50)-
13 AI 2.67 45 Rh 2.53 72 HI 2.50 
14 Si 2 .59 46 Pd 2.42 73 Ta 2.64 
15 }' (w, r. b) (2.67)' 47 Ag 2.82 74 W 2.60 
16 S(r) 2.69 48 Cd 2.58 75 Re 2.58 
19 K 2.78 49 In 2.82 76 Os (2.57)' 
20 Cn 2.67 50 Sn(g) 2.84 77 lr 2.51 
21 Sc (2 .5'1)- 50 Sn(w) 2.64 78 Pt 2 .80 
22 Ti 2.69 51 Sb 2.74 79 Au 2.83 
23 V 2.83 52 Te 2 .68 80 Hg 2.74 
24 Cr 2.08 55 Cs (2.71)' 81 TI 2 .89 
25 Mn 2.59 56 Ba 2 .58 82 Pb 2.91 
26 Fe 2 .58 57 La 2 .55 83 Bi 2.66 
27 Co 2.70 58 Ce(a) 2.31 8·1 Po (2.68)-
28 Ni 2 .58 58 Ce(-y) 2.51 87 Fr (2.71)-
29 Cu 2.74 59 Pr 2.41 88 Rn (2.61)' 
30 Zn 2.48 60 Nd 2.62 89 Ac (2.54)' 
31 Gn 2.47 61 Pm (2.53)' 90 Th 2.68 
32 Ge 2.52 62 Sm 2.70 91 Pa (2.56)' 
33 As (2.67)' 63 Eu (2.58)' 92 U 2 .53 
34 Se (2.68)' 64 Gd 2 .52 93 Np (2.51)' 
37 Rb (2. 71)' 94 Pu 2 .21 

• Estimated value; see t"xt for further discussion. 

the values of Y and I" given in Tahles I and II , respectively. The mean 
value for aU of the experimental data is 2.60 ±0.17, which is identical 
to that calculated from the mean value of Poisson's ratio. The error, 
±0.17, corresponds to a percentage error of ±6.5, which is misleadingly 
small. If Poisson's ratio and the corresponding error were to be calculatpd 
from the above numbers, it would be found that u = 0.300 ±O.O~O. 
This error is equivalent to a percentage error of ±26.7. The ratio l"/ Il 
varies from a minimum of 2.08 for beryllium and chromium to u maximum 
of 2.91 for lead, and lies within the minimum and maxlmum theorelical 
limits, 2.0 and 3.0. 

II 



390 KARL A. GSCHNElDNER, JIl. 

=2.St~"'~O';""""" '." 1 12.6 - Ac -;: U -N; - - - - - - - -
'" A, 

~: .:.. -I p, ~I :'!~-

~ ::F :-'-;-,~ -"---,~::~-1 
2.S}- Sb -1 .... Rb Zr 

~ E2.6 _5' ______ J'!.... ____ _ Sn~ __ ~e 
o ii: Tc Rh Cd 

~il 24:v\Y V Pd -

-!~~::f ~: _T~_ -~----r-J r ~ s, c< I " N, ~.. .l 
~ ~:I- ~, -I In S{1~ 
o '0 N -- p~ 
~ :2 26 ':: __ L --;L--

I- ~- Si M, 2.4 
2.S}- u -{ 

] 2.6t:S-----------~[)f 
2.4-J~I'I, , , I , ! ~ , ,_ 

IA mA l1A l1IIA lZIIlA 18 m8 l18 
Group 

FIG. 23. The ratio of Young's modulus to the shear modulus of all or the elemenl3 
considered in this review with the exception or the rnre-cnrth elements. The horizont.l 
dashed line represents the menn v.lue of tltis ratio ror these e'ements. Opcn points arc 
estimated values. 

The variation of Y I" for all the elements is shown in Fig. 23. The 
similarity between Y IIJ. given in this plot and Poisson's ratio (Fig. 4) 
is quite close, as would be expected. The variation of Y I " as one proceeds 
from one element to the next is more strikingly illustrn.ted by the Y I " 
ratio than by Poisson's ratio. The periodic dependence, such as is shown 
by the low values f01· the group IlIA metals and iron and its cogeners, 
and the higher-than-average values for the group IA, 11.-\ , IYA, VA, IB, 
VB, and VIB elements. is obvious. 

An attempt was made to determine whether or not the ratio of Y I" 
has a crystal-structure dependence. It was found that the mean value 
was 2.fi.l for both the facc-<:entered cubic, A 1, and body-centered cubic, 
A2, metals; 2.G2 for the diamond lattice, .H, elements; and 2.55 for the 

PHYSICAL PIlOPERTIES AND INTERRELATIONSIIIPS :l91 

hexagonal close-packed, A3, metals. Hence the data do not seem to reveal 
any dependence on the crystal structure. 

The variation of Y I" for the rare earths is shown in Fig. 2c, where 
it is seen that the ratio decreases slightly with increasing atomic number. 
It should be observed, however, that the values for the ratio Y I " arc 
more scattered than are the values for either Young's modulus or the 
shear modulus alone (Figs. 2a and 2b). 

Estimated Data. First, a value for Y I" was estimated assuming that 
for a given element it was equal to the mean value obtained from the ele­
ment's eogeners. Second, an estimated value of Y I " was calculated from 
the estimated value of Poisson's ratio (see Section 5) by using Eq. (5.1). 
Third, these two estimated values were averaged to obtain the values 
shown in Table XIX and in Fig. 23. This procedure was used to estimate 
the values for phosphorus, scandium, arsenic, selenium, rubidium, stron­
tium, technetium, cesium, osmium, polonium, francium, radium, Rnd 
actinium. The estimated values for protactinium and neptunium for the 
.first step were assumed to be equal to the mean value of thorium and 
uranium, and to the value of uranium, respectively. The other two steps 
of the procedure given above were followed exactly for estimating the 
value of Y I" for protactinium. and neptunium. The estimated yalues for 
Y I" for the rare earths promethium, europium, thulium, and lutetium 
were calculated directly from the estimated values of Young's modulus 
(sec Section 3) and thc shear modulus (see Section 4). 

The mean value of all the estimated Y I " ratios is 2.603, which shows 
that mean value of the experimental Y I" ratios would remain unchanged 
if the estimated values were included. 

23. TllE RATIO (I - 0")/{1 + 11) 

One of the steps in calculating the size factor involves the ratio 
(1 - 11)/(1 + 11) (see Section 29), and because of this, these ratios arc 
listed in Tahle XX. 

The average value of Poisson's ratio for the elements is 0.301. If this 
value is substituted into the ratio (1 - 11) /{ 1 + 11). a value of 0.S3G is 
obt.'tined. The minimum and maximum values possible for this ratio arc 
0.333 for 0" = 0.5 and 1.000 for 11 = o. Furthermore, since 11 is essentiully 
a constant, the ratio (I - 11) /{ 1 + 0") would be expected to be a constant 
also. The average for all of the experimental values is 0.543 ±0.102. The 
values of beryllium and boron arc anomalously large, and if ther (Ire 
excluded from the average, a value of 0.533 ±0.083 is obtained. The 
latter value is thought to be a more reliable average than the former. 
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TABLE XX. RATIO OF (1 - v)/(I + v) 

1 - v 1 - v 1 - v 

Element I + v Element 1 + v Element I + v 

3 Li 0 .468 38 Sr (0.534)- 65 Tb 0.586 
4 Be 0.925 39 Y 0.590 66 Dy 0.609 
5B 0.837 40 Zr 0.493 67 Ho 0 .594 
6 C(g) 0 .575 41 Nb 0.~81 63 Er 0.616 
6 C(d) 0.695 42 Mo 0 .538 69 Tm (0 .619)' 

11 Na 0 .521 43 Tc (0.M7)· 70 Yb 0.558 
12 lIfg 0.563 44 Ru 0 .555 71 Lu (0 .622)' 
13 Al 0.493 45 Rh 0 .575 12R1 0.538 
14 Si 0 .389 46 Pd 0.,155 73 Ta 0 .481 
15 pew, r, b) (0.498)" 47 Ag 0.460 HW 0.558 
16 S(r) 0 .489 48 Cd 0 .538 75 Re 0 .547 
19 K 0.481 49 In 0 .370 76 Os (0.556)' 
20 Ca 0 .527 50 Sn (g) 0.408 77 Ir 0 .587 
21 Sc (0 .576)' 50 Sn (w) 0.5~ 78 Pt 0 .449 
22 Ti 0.487 51 Sb 0.527 79 Au 0.40·1 
23 V 0.471 52Te 0.504 80 Hg 0 .466 
24 Cr 0 .654 55 Cs (0.475)' 81 TI 0.370 
25 Mn 0.613 56 Ba 0.563 82 Pb 0 .389 
26 Fe 0 .564 57 La 0 .553 83 Bi 0.504 
27 Co 0.499 58 Ce Ca) 0 .7M 84 Po (0 .495)" 
28 Ni 0 .538 58 Ce (y) 0.603 87 Fr (0.475)' 
29Cu 0.487 59 Pr 0 .533 88 Ra (0 .534)' 
30 Zn 0 .550 60 Nd 0 .531 89 Ac (0 .576)' 
31 Ga 0 .619 61 Pm (0 .565)' 90 Th 0 .556 
32 Ge 0 .575 628m 0.479 91 Pa (0 .560)' 
33 A. (0.498)' 63 Eu (0 .555)" 92 U 0 .606 
34 Se (0.495)0 64 Gd 0 .589 93 Np (0.594 )' 
37 Rb (0.475)' 94 Pu 0 .739 

"Estimalcd value; see lext for further discussion. 

The error ±0.083 is equivalent to ± \5.6% . The values for the ratio 
(1 - a) /(\ + a) vary from a minimum of 0.3iO for indium and thallium 
to 1\ maximum of 0.925 for beryllium. The estimated vo.lues lie well ",·ithin 
this range. 

The variation of the ratio (1 - a) / ( 1 + a) for many clements is 
shown in Fig. 24. As would be expcckd. this plot is almost exactl~' the 
inverse of the plot of Poisson's ratio !~iven in Fig. 4. Thc slight group 
dependence noted for Poisson 's ratio (Section 5) is o.lso obvious in Fig. 2~ . 

The ratio (1 - a) / (l + a) for the rare earths, which is shown in 

f ew 
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Group 

FlO. 24 . The ratio (I - v)/(l + v) of all of the elements considered in this review ,,,ith 
tbe exception of the rare-eartb elements. The horizontal dashed line represents tbe mean 
value of this ralio for these elements. Open points arc estimated values. 

Fig. 25a, is seen to increase with increasing atomic number. In general 
the points are scattered about the straight line shown in the figu re, with 
large departures shown by cerium, samarium, o.nd ytterbium. The anomaly 
for ytterbium may be due to its divalent nature," but the departures shown 
by cerium and samarium :lre not understood. 

Estimated Data. The \1llucs of (1 - a) / (1 + a) are considcred to be 
estimated if the value of Poisson's ratio was estimated . Estimated valucs 
are given for phosphorus, ('andium, arsenic, selenium, rubidium, strontium, 
technetium, cesium, promethium, europiulll, thulium, lutetium, osmiulll. 
polonium, francium, radium, actinium, protactinium, and neptunium . The 
mean value of (1 - a)/(1 + a) for the cst.imated data is 0.539, wbirh 
indicates that the mean value of the experimental data would remain 
unchanged if the estimated values were included. 
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FlO. 25. (a) The ratio (1 - .. )/(1 + .. ) of the rare-earlh metals. (b) The ratio of the 
compressibility constant.s, bla', of the rarc-cnrth metals. Open points are estimated 
values. 

24. THE RATIO OF THE CO~IPHESSIBILITY COKSTANTS, bla' 

Slater" has shown that the Grtineisen constant can be calculated from 
the comprcssibility constants, a and b, of Eq. (6 .1 ). (See Section 28 for 
further delails concerning this calculation. ) The constants appear in 
Slater's expression (EfJ. (28.2)) in the form bla'. Furthermore, Slater" 
points out that bl a' is approximately a constant equal to about 2.5, alld 
thus this ratio can be used to check on the validity of the compressibility 
measurements. That is, if the ratio of bl a' departs considerably from 2.5, 
the compressibility data should be suspected. For the above reason thc 
bla' valucs listed in Table XXI were calculated from the compressibility 
constants a and b given in Tablc IY. 

Examination of the data given in Table XXI reveals negative values 
for the ratio bl a' for ruthenium, 'Y-cerium, and tungsten. The negative 
values mean that the compressibility increases with increasing pressure, 
which is, iu general, unlikely. Cerium, because it undergoes an electronic 
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TABLE XXI. RATIO OF THE CoUPRESSrBILITY CONSTANTS, bla' 

Element blat Element bla' Element bla' 

3 Li 2.20 33 As 4.5-1 54 Gd 2.29 
4 Be 4 . 11 34Se 1.67 65 Tb (1.88)-
5B 2 . 13 37 Rb 1.57 66 Dy 2.02 
6 C(g) 3.62 38 Sr 1.56 67 Bo 2.02 
6 C(d) (2.35)' 39 Y 1.98 68 Er 1.99 

11 Na 1.85' 40 Zr 3.24 69 Tm 2.13 
11 Na 1 .79< 41 Nb 2.67 70 Yb 1.65 
12 'Mg 1.80 42 1\'10 1.22 71 Lu 2.12 
13 AI 2.63 43 Te (2. 19)' 72 Bf 1.00 
14 Si 2.48 44 Ru -8 .79 73 Ta 0 .98 
IS P(w) (3.19)' 45 Rh 1.37 74 W -0 .97 
15 P(r) 3.84 46 Pd 8.02 75 R. (2.19)' 
15 P(b) 2.47 47 Ag 0 .35 76 Os (2.19)' 
16 S(r1)' 2 .02' 48 Cd 2.77 77 Ir 5 .25 
16 S(r) (1.94.)' 49 In 2 .26 78 Pt 0 .72 
19 K 1.96 50 Sn(g) (2.35)' 79 Au 2.51 
20 C" 1. 79 50 Sn(w) 2.52 80 Bg (2.80)' 
21 Sc (2.20)' 51 Sb 2.47 81 TI 2.17 
22 Ti 2.71 52 Te 2.12 82 Pb 1.79 
23 V 2 .78 55 Cs 1.81 83Bi 2.63 
24 Cr 2 .37 56 Ba 1 .02 84 Po (1. 94)' 
25 Mn 3.01 57 La 2.14 87 Fr (1.84)' 
26 Fe 2.35 58 Ce(a) 1.62 88 R" (1.54)-
27 Co 1.80 58 Ce(")") -5 .60 89 Ac (2.22)-
28 Ni 1.95 59 Pr 1.27 90 Th 3 .03 
29 Cu 3.60 60 Nd 1. 73 91 Pa (2.97)-
30 Zn 2.82 61 Pm (1.71)' 92 U 4.70. 
31 Ga (2.30)' 62 Sm 1.67 93 Np (2.97)' 
32 Ge 2 .22 63 Eu 1.03 94 Pu 3 .64 

a Estimated value; sec text for further discussion. 
• Value obtained from p,ramelers listed by Gilvarry' of Table I\'. 
• Value obtained from pammeters listed by Beecroft nnd Swenson' of Table IV. 
tl Sec the text, Section OJ concerning the modification of Bridgman's sul1ur. 

transformation," involving a large volume change ~13% at a moderately 
low pressure of 7720 kg/em', may show an increase in compressibility 
with increasing pressure, because of some pretrnnsformation. The com­
pressibilities of ruthenium and tungsten cannot be so easily explained. 
Therefore, compressibility data for these two elements should be lI~l·tl 
with extreme caution. If the values in Table XXI are examined for O(!l('r 
divergent Tfltios (assuming that those ratios greater than .J.li or Sllluller 
than 0.83, i.e., 2.50 + (i)2.50, or 2.50 - (~)2.50, are divergent), we 
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find that arsenic, palladium, iridium, and uranium have too large a ratio 
and tbat silver and platinum have too small a ratio. Thus, if the criterion 
proposed by Slater is correct, it is likely tbat the compressibility data 
for these elements are incorrect and should be used witb caution. 

It should be possible to predict the pressure dependence of the com­
pressibility if Slater's observation that bla' is a constant is correct. Exami­
nation of the data. in Table x..'<:l or in Fig. 26 indicates that the ratio 
may not be a constant. Further investigation, however, reveals that 
blat = 1.89 ±0.88 for all the face-centered cubic metals, except palladium, 
'Y-cerium, and iridium; 1.83 ±0.63 for all the body-centered cubic metals, 
except tungsten; 2.19 ±0.G9 for all the hexagonal close-packed metals, 
except ruthenium ; 2.35 ±0.13 for the diamond-lattice-type elements, and 
2.97 ±0.95 for all the remaining elements which do not have any of the 
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FIG. 26. The ratio of the comprossibility constants, bill', of nil of the dement. con­
sidered in this rrvicw with the (':'(crptioD of the rurc-enrth clements. The horizontal 
d""hNlline ",presents Sinter'. approximation that bIn' = 2.5. Open points nrc .. timatNi 
values. 
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above crystal structures. Grouping these ratios according to crystal 
structures will probably give a better estimate for tbe bla' value of an 
element rather than the more general value given by Slater. 

Examination of Fig. 26 reveals tbat the ratio bla' has a slight group 
dependence, especially for the lA, IIA, lIlA, lIB, lIIB, IVB, VB, and 
VIB elements. The mean value for a group may also be used to estimute 
tbe bla' ratio for an element in that group. Similarly, the variation of 
bla' with atomic number for tbe rare earths (Fig. 25b) was used to esti­
mate tbe value of the ratio for promethiulll and terbiwn. 

Estimated Data. Based on the observations described above, the bl a' 
ratios were estimated by using either the crystal-structure dependence 
(diamond, technetium, gray tin, rhenium, osmium, protactinium, and 
neptunium), or the group dependence (white phosphorus, rhombic sulfur, 
gallium, promethium, terbium, mercury, polonium, radium , and ~ctinium), 
or both since the two techniques gave practically the same estimate 
(scandium and franciwn). The pressure dependen.ce of the compressibility 
(the b term) can be estimated from this ratio llnd the known a values 
(given in Table IV or V) or the estimated a values (given in Table V 
only). This was done, and the results ·are given in the text of Section 6. 

25. THE RELATIONSHIP BETWEEN THERMAL EXPANSION AND MELTrNG 

POINT 

The relationship between the coefficient of thermal expansion and the 
absolute temperature of the melting point has been known for almost 85 
years.1l2 Carnelley noted that materials which have high melting points 
have low coefficients of thermal expansion, and those which have low 
melting points have high coefficients of expansion. Hidnert and Sonder'l3 
express the relationship as 

a = O.020I T (25.1) 

for face-centcred and body-centered cubic and hexagonal close-packed 
structures. 

The data in Tables VI and IX were examined to see if Eq. (2.:).1) 
is valid for all materials. The product of aTwas found to beO.OI8G ±O.OOSO 
for all of the clements for which experimental values are known. Th!' 
error ±0.0080 corresponds to a percentage error of ±43. If, however, 
the data are grouped such that only the face-centered and body-centerrd 
cubic and hexagonal close-packed structures are considered, then till' 
product of aT was found equal to 0.0197 ±0.0051, and the percent error 

". 1'. Carnellry, Ber. D." l. Cil,,,,. Ges. 12, 439 (lSi!)). 
III P. HidDert nnd W. Sonder, Nail. Rur. St. (U.S.) Cire. 486, (19.:;0). 
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is reduced to ±20. Thus Eq. (25.1) is a fair approximation for these 
metals. The product aT was found to be O.OO.J.g ±0.0018 for those elements 
which crystallize in a diamond-type lattice; 0.0073 ±0.0026 for the group 
VB elements (arsenic, antimony, and bismuth) ; 0.0123 ±O.0046 for those 
metals which do not cryst:Lllize in any of the above structures and which 
have four or less atolUs per unit cell (gallium, indium, white tin, mercury, 
and uranium); and 0.0305 ±O.OJ 37 for those metals which do not crystallize 
in any of the above structUl'es and which have more than four atoms pel' 
unit cell (manganese, neptunium, and plutonium). The semi metals-sul­
fur, selenium, tellurium, and polonium-showed a wide variation in their 
aT values, but it was noted that aT decreased in a nonlinear manner 
with increasing atomic number for these four elements. The elements 
boron, graphite, and white phosphorus could not be placed in any of they 
above categories. 

The product of aT varies from a minimum value of 0.0027 for gray 
tin to a maximum value of 0.0502 for plutonium. The relationship between 
a and T has been used to estimate the coefficient of thermal expansion 
for a number of elements from the known or estimated melting points 
(see Part III). 

26. LEIBFRIED, MODIFIED L EIDFRIED, AND BRAGG NUMBERS 

In Leibfried's study of melting'l4 he observed that for a number of 
metals (specifically aluminum, copper, palladium, silver, gold, and lead) 
the quantity RT .. / I"I' = L~0.O.J.2, where R is the gas constant, T .. is 
the melting point (Table IX), I" is the shear modulus (Table II) , and 
V is the atomic volume (Table VII). The term RT .. is an approximation 
of the heat of fu ion, " 'bich follows from Rirhard 's rule (sec Section 27) . 
Bragg,"> 011 the other hand, noted that Alit/I" V = ell ~ 0.034 for a few 
metals (specifically a luminum, iron, cobalt, nickel, copper, silver, gold, 
and lead), where MI, is the heat of fusion (Table X ). Since t!.li, ~ RT .. 
(Richard's rule) it is difficult to understand why such a largc disCl'cpancy 
exists bet\\'cen L (which will be referred to hereafter as the Leibfried 
number) and ell (referred to hereafter as the Bragg number). Furthermore, 
since these approximations "'ere based on only a very limited number of 
metals, it would be desirable to know if they are generally valid for all 
metals and semimetals. In order to investigate these two points, and since 
the Bragg and/ or Leibfried numbers are necessary to calculate the Rize 
factor , these numbers were calculated for all the clements from the appro­
priate data given in the earlier tables. The results arc shown in Table XXII. 

'14 G. Leibfried, Z. Physik 127, 3·11 (19:;0). 
m L. Bragg, in "Symposium on Intrrnal Stresses," p. 22 1. lost. ~[etals, London, 1948. 

PHYSICAL PROPERTIES AND INTERRELATIONSHIPS 

TABLE XXII. LEIBFRIED, ~IODIFIED LEIBFRIED, AND BRAGG N Ulm .. ! ItS 

Element 

3 Li 
4 Be 
5B 
6 C(g) 
6 C(d) 

11 Na 
12 Mg 
13 AI 
14 Si 
15 pew) 
15 Per) 
16 S(r) 
19 K 
20 Ca 
21 Se 
22 Ti 
23 V 
24 Cr 
25 Mn 
26 Fe 
27 Co 
28 Ni 
29 Cu 
30 Zn 
31 Ga 
32 Ge 
33 AB 
34 Be 
37 Rb 
38 Sr 
39 Y 
40 Zr 
41 Nb 
42 Mo 
43 Tc 
44 Ru 
45 Rh 
46 Pd 
47 Ag 
48 Cd 
49 In 
50 Sn(g) 
50 SIl(W) 
51 Sb 
52 Te 
55 C. 

L 

0 .0686 
0.0185 
0.0233 
1.99 
0.0222 
0 .0378 
0 .0316 
0 .0292 
0 .0292 

(0.1070)­
(0.0765)-
0 .0293 
0.0481 
0 .0480 

(0. 0320)-
0.0342 
0 .0466 
0 .0212 
0.0224 
0 .0260 
0.0287 
0 .0290 
0 .0351 
0 .0169 
0 .0057 
O.OISS 

(0.0479)­
(0 .0114)­
(0.0462)­
(0.W90)" 
O.02SS 
0 .0369 
0.0562 
0 .0221 

(0 .0165)-
0 .0162 
0 .0152 
0.0334 
0.0349 
0 .0158 
0.0610 
0.0111 
0.0126 
0.0206 
0 .0191 

(0.0560)" 

""" ¥ A A$ 

L' 

0 .0611 
0 .0165 
0 .0233 
1.99 
0.0728 
0 .0336 
0 .0369 
0 .0341 
0 .0956 

(0 .1070)" 
(0 .0765)" 
0 .0293 
0.0429 
0.W28 

(0.0285)-
0.0304 
0 .0415 
O.OISS 
0 .0200 
0 .0232 
0 .0335 
0.0339 
0 .0410 
0.0197 
0 .0057 
0 .0614 

(0.1290)­
(0.0309)­
(0.0412)­
(0.0436)-
0.0256 
0 .0329 
0 .0500 
0 .0197 

(O. OHl3)-
0 .0100 
0 .0178 
0.0300 
0.0407 
0 .0184 
0.0712 
0.0362 
0 .0126 
0 .0556 
0 .0515 

(O .W09)-

0 .0512 
0 .0197 

(0 .0252)" 
5.72 
0.0640 
0.0209 
0 .0345 
0 .0378 
0 .0083 

(0.0239)-

0 .0118 
0 .0375 
0 .0421 

(0. 0308)­
(0 .0284)­
(0 .0386)-
0 .0161 
0 .0244 
0.0249 
0 .0284 
0 .0334 
0.0381 
0 .0203 
O.Oll8 
0.0557 

(0. 1370)­
(0.0143)­
(0.0391)­
(O.()'I&I)" 
0.0209 

(0 .0306)­
(0. 0466)-
0.0240 

(0 . 0173)­

(0.0170)" 
(0.0159)' 
0 .035·1 
0 .0370 
0 .0185 
0.0522 
0.0177 
0.0'102 
0 .0';10 
0 .0;)20 

(0 0143)· 

3D9 
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TABLE X,'l:II. LEIBFRIED, MODlFlED LElBFRIED, AND BRAGG NUMBERS-Continued 

Element L L' ill 

56 Bn O.O-IH 0 .03% 0 .038·1 
57 La 0.0295 0.0263 0 .0173 
58 Ce(a) 0 .0627 0 .0558 0.0342 
58 Ce('Y) 0 .0359 0 .0320 0.0196 
59 Pr 0 .0356 0 .0318 0 .0230 
60 Nd 0.0361 0 .0321 0.0224 
61 Pm (0 .0321)- (0.0286)- (0.0224)-
62 Sm 0.0443 0.0395 0 .0320 
63 Eu (0.0536)- (0.0477)- (0.0507)-
640d 0.0297 0 .0264 0.0215 
65 Tb 0 .0308 0 .0274 0 .0219 
56 Dy 0 .0290 0.0258 (0.0202)-
67 flo 0 .0288 0 .0257 0 .0265 
68 Er 0.0269 0 .0240 (0.0188)· 
69 Tm (0.0274)- (0.0244)- (0.0300)-
70 Yb 0 .0527 0 .0469 0 .0414 
71 Lu (0.0266)- (0.0237)· (0.0186)· 
72 Hf 0 .0291 0 .0259 (0.0242)· 
73 Ta 0 .0367 0 .0327 (0.0305)' 
74 W 0 .0208 0 .0185 0 .0226 
75 Re O.OISO 0 .0211 (0.0195)" 
760. (0 .0155)- (0.0181)" (0.0167)" 
77 Ir 0 .0126 0 .0147 (0.0136)-
78 Pt 0 .0306 0 .0357 0.0332 
79 Au 0 .0394 0 .0-161 0.0411 
SO Hg 0 .0138 0 .0138 0 .0153 
81 Tl 0.1013 0 .0902 0 .0846 
82 Pb 0.0507 0 .0592 0 .0454 
83 Bi 0 .01G5 0 .0·146 0 .0372 
84 Po (0.0201)" (0 .0201)- (0.0167)' 
87 Fr (0.0548)' (O.O·ISS)· (0.0454)' 
SS Ra (0 .0348)' (0 .0310)' (0.0289)-
89 Ac (0.0360)- (0.0421 )- (0 .0380)' 
90 Th 0 .0305 0 .0272 (0.0253)-
91 Pa (0 .0241)· (0 .0241)- (0 .0200)-
92 U 0 .0121 0 .0107 (0 .0100)-
93 Np (0 .0145)' (0.0129)- (0.0120)' 
94 Pu 0 .0144 0 .0128 0.0050 

• Estimated value; sec text for further discussion. 

Also shown in Table x..,'CII are the modified Leibfried numbers, £I. 
The modified I.eibfried number differs from the Leibfried number in that 
the term RT .... in L is replaced by the term KT .... , where the value of K 
depends on the crystal structure of the clement just below its melting 
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point. The values of K are 1.76 for body-centered cubic metals; 2.2!l for 
face-centered cubic or hexagonal close-packed metals; 5.36 for the :17 
arsenic-type elements (arsenic, antimony, and bismuth); 4.22 for the A ' 
selenium-type elements (selenium and tellurium) ; 6.50 for the A4 diamonu­
type elements (diamond, silicon, germanium, and gray tin) ; and 1.!Ji 
for the elements which do not fit into the above groups. 

The results of a detailed examination of these three numbers is shown 
in the accompanying tabulation. These results indicate that Leibfrieu's 
conclusion is incorrect that L ~ 0.042; but that Bragg's conclusion that 
ill ~ 0.034 is in agreement with the rcsults shown here, and that L ~ 
L' ~ ill, which is to be expected. The percentage deviation from the mean 
for these threc quantities is quitc large, which raises the question-should 
this percentage deviation be used as a criterion for determining whether 
or not something is or is not a constant, and, if so, then at what percentage 
does the distinction occur, at 25%, 33~%, 50%, or even higher? This 
question, of course, has no single answer since any answer will depend 
greatly on the individual's background and philosophy. It should be 
mentioned in this connection that the percentage deviation from the 
mean for the Grlineisen constant is larger than it is for L or L' or ill; 
and if one accepts the premises that the Grlineisen constant is a constant 
and that the percentage error is a valid criterion for determining this, 
then L, £I, and ill must also be constants of the clements. The percentage 
deviations for the other constants of the elements are less than 25%, 
except Poisson's ratio (26.2%). 

Number L L' ill 

!\Ienn value 0.0305 0.0334 0.0312 
Stundard dcvinlioD from mClln 0.0135 0.0145 0.0127 
Percentage deviation from mcn.n 44.3 43.4 40.7 
Elements excluded from C(g), C(g), Si, C(g), Si, 

averaging process Ga, TI Ga, TI TI, Pu 
Minimum value 0 .0057 0.0057 0 .0050 
Element for which minimum On Oa Pu 

occurs 
~raximum value 1.99 1.99 5.72 
Element (or which maximum C(g) C(g) C(g) 

occurs 

A comparison of Land L' with ill revealed, as would be expected if 
Richard's rule is a poor approximation, that £I was in better agrern1Pnt 
with ill for 32 of the clements (i2.7%). but in poorer agreement for I:.! 
of the elements. There were 5 elements for which L and £I were idcntical 

~I 

III 
I· 
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FIG. 27. The Bmgg number of all of the clements considered in this review with the 
exception of the rnre-earth metals. The horizontal dashed line represents the mean value. 
Open points arc estimated values. 

and thus agreed equally well with ill. It is felt that L' is more characteristic 
of the clement than L, primarily because L depends on the validity of 
Richard's rule. For this reason L' rather than L was used in calculating 
the size factor (sec Section 29). 

The variation of the Bragg number with the group is shown in Fig. 27, 
and again a group dependence is noted: (ll is high for the alkali and alkaline­
earth metals, group VA metals, nickel and its cogeners, and group IB 
metals; and low for the group IlIA, I YA, VIA, VIlA metals, iron and 
cobalt and their cogeners, and group JIB metals. Since L ~ U ~ ill the 
plots for Land L' arc not shown, but in general they arc quite similar. 

The 'modified Leibfried and Bragg numbers for the rare earths arc 
shown i~ Fig. 28. In general both L' and (ll decrease with increasing atomic 
number. The anomalies at europium and ytterbium are undoubtedly 

}: 
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FlO. 28. Ca) The modified Leibfried number of the rnre-earth metals. Cb) The Bragg 
number of the rnre-earth metals. Open points are estimated data. 

due to the divalent nature of these elements." The value for a-cerium is 
included only for comparative purposes and is not expected to lie ncar 
the straight line established for the normal trivalent rare earths. The 
anomalous behavior of lanthanum and samarium is not understood, but 
seems to follow the tendency of these two metals to deviate from the 
trend established by the other rare earths for some of the other properties 
(Figs. 2 and 2.5) . 

Estimated Data. The values considered to be estimuted in Table x..'OI 
are those for which at least one quuntity used in calculating L, L', or (\\ 
was estimated. In general the shear modulus, /J , was the quantity \\·hil'lI 
was least known experimentally for the clements. If the melting point 
or the atomic volume was nn estimated value for a given clement, the shC'f1r 
modulus was also an estimated qUfllltity. For the Bragg number con­
siderable experimental data concerning the heats of fusion were lack ing. 
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and in general this quantity determined whether <B was considered to 
be an estimated value. For the elements white phosphorus, scandium, 
arsenic, selenium, rubidium, strontium, cesium, and thulium the heat of 
fusion is known experimentally but the shear modulus is not. 

27. ENTROPIES OF FUSION AND VAPORIZATION 

Entropy of Fusion. The entropy of fusion, as" is defined as 

(27.1) 

where MI, is the heat of fusion (Table X) and T .. is the melting point 
in degrees Kelvin (Table IX). Richard's rule states that the entropy of 
fusion is approximately equal to a constant (2.0 e.u.). Often the approxi­
mation is given as as, ~ R, where R is the gas constant. Generally this 
rule is used to estimate the heat of fusion of an element from the known 
melting point. Kelley," however, used a value of 2.3 e.u. for estimating 
heats of fusion; and Stull and Sinke" used two values, 2.3 e.u. for elements 
which crystallize as close-packed structures (face-centered cuhic and 
hexagonal) and 1.9 e.u. for elements which exhibit body-centered cubic 
strueturcs. These results suggest that Richard's rule may not be a valid 
approximation, and therefore the as, values wcre calculated for all the 
known elements. 

The entropies of fusion are shown in Table x..'XIII. The as, valucs 
vary from a minimum 0..17 e.u. for white phosphorus to a maximum of 
7.13 c.U. for silicon. This is a very wide variation of values for a quantity 
which is supposed to be constant. However, if the values arc grouped 
according to the crystal structure of the phase just prior to melting, 
several interesting things are seen. The entropy of fusion for 26 body­
centered cubic metals is l.76 ±0.34 e.u.; for 9 face-centered cubic metals, 
2.28 ±O.23 e.u.; for 5 hexagonal close-packed metals, 2.33 ±0.23; or, 
for 14 metals with a close-packed structure (face-centered cubic and 
hexagonal) 2.29 ±0.23; for 3 elements which have the diamond structure, 
6.50 +0.63; for 3 clements which have the i1 7 arsenic structure, 5.36 ±O.71; 
and 2 elements which have the ,18 selenium structure, 4.22 ± l.5i. Thus 
one notes that as, has a strong crystal-structure dependence and, there­
fore, Richard's rule is a poor approximation. 

The variation of the entropy of fusion for the elements is shown in 
Fig. 29. Because of the sparsity of data for the transition metals (groups 
IVA, VA, VIlA, and nITA) it is not clear that there is a group depend­
ence in this portion of the diagram . .A. group dependence is noteo, however, 
ncar both ends of the plot shown in Fig. 29. 
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TABLE XXIII. ENTROPIES OF FUSIO" AND VAPORIZATIO" 

t.S, t.S. 
Element (e.u./g-at) (e.u./g-at) 

3 Li 1.58 21.5 
4 Be 2.26 22.1 
5 B (2.29)· 29.6 
6 C(g) 6 . 10 42.1 

11 Na I.G8 20 .5 
12 Mg 2.32 22.2 
13 AI 2.74 30 .4 
14 Si 7.13 34 .1 
15 P(w) 0.47 136. 
16 S(m) 0 .86 90.4 
19 K 1.65 18 .8 
20 Cn 1.86 20.3 
21 Sc 2.0-1 19 .8 
22Ti (1.76)· 28.6 
23 V (1.7G)· 30.7 
24 Cr 1.62 28.6 
25 Mn 2.31 22.3 
2G Fe 2.03 26 .6 
27 Co 2.10 28.4 
28 Ni 2.44 29 .7 
29 Cu 2.30 25.9 
30 Zn 2 .55 23.4 
31 Ga 4.41 24.3 
32 Ge 6.28 25.6 
33 As 6.07 32 .6 
34 Se 2.65 48 .5 
37 Rb 1.80 18 .6 
38 Sr 2.10 20 .2 
39 Y 1.64 24.3 
40 Zr (1.76)' 29.9 
41 Nb (1.76)' 34.2 
42 Mo 2.30 24.1 
43 To (2.29)' (25 .5)' 
44 Ru (2.29)' 33.7 
45 Rb (2.29)' 30.0 
46 Pd 2.25 27.1 
47 Ag 2.25 24 .7 
48 Cd 2.49 23.0 
49 In 1.82 23 .9 
50 Sn 3 .39 25 .2 
51 Sb 5 .25 28 .5 
52 Te 5.78 37.0 
55 Cs 1.68 17 .0 
.56 Ba 1.83 19.3 

- - -- ..,.~ 

--
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TABLE XXIII. ENTROPIES OF FUSION AND VAPORIZATION-Co"tinu~d 

/lS, /lS, 
Element (e.u./g-at) (e.u./g-at) 

57 La 1.24 26.3 
58 Ce 1.16 23.3 
50 Pr 1.37 22.3 
60 Nd 1.32 23 .1 
61 Pm (1.48)- (22.1)-
628m 1.53 (22.1)· 
63 Eu 2 .01 18.1 
64 Gd 1.54 (22.1)-
65 Tb 1.51 (22.1)· 
66 Dy (1.48)- 19.7 
67 Ho 1.95 19.3 
68 Er (1.48)· (22.1)-
69 Tm 2.32 21.9 
70 Yb 1.67 (18.1)-
71 Lu (1.48)- (22.1)-
72 Hf (1.76)- 29.8 
73 'fa (I. 76)- 31.2 
74 W 2 .31 31.8 
75 Re (2.29)- 28.0 
76 Os (2 .29)- 33.4 
77 Ir (2.29)· 29.6 
78 Pt 2 .30 29.8 
79 Au 2.2[ 24.8 
80 Hg 2.34 22.6 
81 Tl 1.77 19 .9 
82 Pb 1.90 21.2 
83 Bi 4.77 24.0 
84 Po (1.76)- 23.S 
87 Fr (1.76)- (15 .S)· 
S8Ra (I .76)- (19.9)· 
89 Ac (2.29)· (25.5)· 
90 Th (I.76)- (25.5)' 
91 Pa (1.76)' (25.5)' 
92 U (1 .76)· 27.7 
93 Np (1.76)' (25.5)· 
94Pu 0 .74 21.6 

• Estimated value; see text for further discussion. 

The variation of the entropy of fusion for the rare earths is given in 
Fig. 30a. It is seen that I!. S, slowly increases with increasing atomic number. 
The estimated entropies were assumed to be equal to the mean value for 
thes~ metals and, therefore, deviate from the line drawn through tbe 
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FIG. 29. Entropy of fusion of all of the elements considered in this review with the 
exception of the rare-earth metals. The horizontal dashed line represrnts Richard's 
constant, 2.0 e.u. Opcn points arc estimated data. 

points. The high t1S, values for holmium and thulium arc probably due 
to the fact that the measured heat of fusion includes both the a-fJ heat of 
transition and the heat of fusion , because the a -{3 transformation lies ~o 
near the melting point that these two heats cannot be rcsolvcd experi­
mentally. The value for europium is also anomalous, but the rcason jor 
its behavior is not clear. It should be mentioned that europium has only 
one allotropic form , bodr-centcred cubic, but the other rare en rths hu \'e 
a close-packed structure which transforms, usually within lOoDe of their 
melting points, to the body-centered cubic modification. Perhaps this 
may be a partial explanation for this anomaly. 

Estimated Da/Ct . From the above-mentioned crystal-structure depcnd­
ence of the entropy of fusion, t1S, was estimated to be 1.76 C.ll. for the 
body-centered cubic clements titanium, vanadiwn, zirconium, niobiulII, 
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FIG. 30. (a) Entropy of fusion of the rnrc-<!nrth metals. (b) Entropy of vaporization 
of the rare-earlh metals. Open points are estimated duln. 

hafnium, tantalum, thorium, uranium, and neptunium; for the assumed 
body-centered cubic metals francium and radium; and for the metals 
polonium and protactinium, which have open structures. For the closc­
packed elements technetium, ruthenium, rhodium, rhenium, 0 miulll, 
iridium, and actinium, and also for boron, the entropy of fusion was esti­
mated to be 2.20 c.u. The entropy of fusion for the rare earths promet.hiulll, 
dysprosium, erbium, and lutetium was estimated to be 1..18 e.u ., the mean 
value for thc normal rarc-carth elements. 

Entropy oJ l"apon·zalion. The entropy of vaporization, t. S., is defined as 

t.S. = t.H./T., (27.2) 

where t.H. is the heat of vaporization at thc normal boiling point T. 
(T. is given in degrees Kelvin). Thc heat of sublimation at 298', t.fI."', 
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which is given in Table XU, cannot be used in Eq. (27.2) as such, but 
must be corrected by using the high-temperature heat capacity dal:! to 
obtain t.fI. at T •. Extensive use was made of the thermodynamic table.s 
of Stull and Sinkc" to convert t.H.m to t.fI. at T •. If T. was greatct· thun 
the maximuJU temperature given in their compilation (3000'l(), thc datu 
were extrapolated to T •. The entropy of vaporization, like the entropy 
of fusion, is thought to be approximately constant for all materiuls 
(Trouton's rule), and the constant generally given is 23.5 i.e., t.S. ~ 23.5 
e.u. 

The entropies of vaporization are listed in Table X,'XIII. Examination 
of these values reveals that in general they lie between 15 and 35 e.u.; 
the minimum experimental value is 17.0 e.u. for cesium and the maximum 
is 136 e.u. for phosphorus. If the estimated data are considered, then thc 
minimum value is 15.8 e.u. for francium, but the maximum remains 
unchanged. The average value for t.S, is 25.5 ±4.5 e.u. if one exeludes 
the values of carbon, phosphorus, sulfur, and selenium. The percentage 
error is ±17.6%, which is moderately good. Thus it would appear that 

. Trouton's rule is valid, except the constant should be 25.5. However, the 
value commonly quoted as 23.5 lies well within the range of the error. 

The variation of t.S. as a function of the group is shown in Fig. 31. 
There is certainly a marked dependence on an elcment's location in the 
Periodic Table. The low values for the alkali metals increase slowly as 
one moves across the Periodic Table and rcach a ma.ximum at about the 
group VA metals, beyond which they decrease sharply at about thc group 
VIlA metals, increase suddenly at about iron or cobalt and their eogencrs, 
gradually dccrease to a minimum at about the group IIB metals, and 
finally incrense as one moves to the end of each row. 

The t.S. of the rare earths is shown in Fig. 30b, where it is seen that 
the ent.ropy of vaporization decreases with increasing atomic number. The 
anomalies at europium and ytterbium are probably due to the divalent 
nature of these metals. 

Estimated Data. The entropies of vaporization for technetium, actinium, 
thorium, protactinium, and neptunium are assumed to be equal to the mean 
value. Although t.H.m and T. arc known for thorium, the heat capacity of 
the gascous phase is not known and therefore t.H. cannot be calculated. 
Instead of estimating a value for the heat capacity of thorium gas, Troutol1's 
rule was applied, which probably gave as reliable results. The mean valuc 
for the experimentally determined t.S. for the rare earths is 22.1 r .u .. 
and this value was assumed to apply to those rare earths for which .l.'. 
was unknown. Thc entropy of vaporization for the alkali mebls dc!" rco>'{'s 
with increasing atomic number; thus, an cstimate for francium wa ' ohtain~d 
by extrapolating the straight line established for the other alkali 1I1d31~ 

__ --::c 
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FlO. 31. Entropy of vaporization of all of the elements considered in this review with 
the exception of the ranxarlh metals. The horizontal dashed line represents the mean 
value. Open points are estimated cU,UL. 

in a plot of IlS. versus the period. The mcan value of IlS, of the alkaline­
earth mctals was assumed to be the value for radium. 

28. GRUNEISEN CONSTANT 

Grtineisen"' showed that a quantity "YG, which is defined as 

a.V 
"Yo = xC." (28.1 ) 

is a constant of a material, and that it is ubout equal to 1.8 for most sub-

III E. Grilneiscn. in "Hnndbuch der Physik" (H. Geiger and K. Scheel. eds.). Vol. 10. 
p. 1. Springer. Berlin. 1926; NASA (Noll. A CTon. Space Admin.), Repl. (Engl. Transl. ) 
NASA-RE-2-18·59W. 

.-
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stances. In Eq. (28.1) 'Yo is now known as the Grtineisen constant, a , is 
the volume coefficient of thermal expansion and is equal to 3a (a is the 
linear coefficient of thennal expansion in Table VI) , V is thc atomic 
volume (Table VII), x is thc compressibility (Table V), and C.' is the 
lattice contribution to the heat capacity at constant volume (Table XlY ). 
In most of the previous calculutions the total heat capacity at const:u',t 
volume C. = C.' + C:, was used in the denominator of Eq. (2 .1). 
For most substances the inclusion of C: makes ouly a small difference 
in 'Yo. For a few materials, however, C: is large enough to have a sig­
nificant effect on 'YG. Since most of the literature values are based on C., 
these values have also been included in Table XXIV for convenience in 
comparing the value calculated herein with those previously given in the 
literature. The values cakulated from Eq. (28.1) (that is, by using C.t) 
are also given in Table XXIV. 

SlaterH has shown tllA~ the Grlineisen constant may be given also by 
the compressibility constants a and b (see Table IV). The constant is 
given by the symbol 'Ys snd is defined as 

'Ys = bl a2 
- l (28.2) 

According to Slater, "YG should equal "Ys ; however, he found that a large 
discrepancy existed between these values for manganese, molybdenum , 
tantalum, and gold. Gilvarry,'17 by using Bridgman's more recent data, 
found that "YG und 'Ys are in good agreement for gold, in fUlr to poor ugree­
ment for molybdenulll, and in very poor agreement for tantalum. The 
results were inconclusi,-e for Illungunese. Sinee much more information 
is presently available for the compressibility constants, the allulysis of 
Slater and Gilvarry was extended to all of thc clements for which duta 
exist. The "Y8 values are also shown in Table LXIV. 

The Grtineisen constant can also be calculutcd from shock wave data." 
Since these data are somewhat limited, the reader is referred to the re\"ic\\" 
by Rice et al.26 concerning the details of this method for obtaining the 
Grunciscn constant. The Gri"ll1eisen constant obtained from shock \\'n"e 
data is represcnted by the symbol "YSII', and values thus obtained for thi" 
constant are listed ill Table XXIV. 

Grilneisen Consiant Te. Thc mean value of "YG (as calculated from C,') 
is 1.57 ±0.72 excludin~ the value for plutonium. The crror ±O.72 corre­
sponds to a pcrecntage error of 45.8. The vulues of "Yo vary from 0. minilllulII 
of 0.25 for graphite to a maximum of 6.76 for plutonium. The cstilllated 
data also lie within tllls range. 

The variation of "YG for the clcmcnts is sho"'n in Fig. 32, and the dcprllfl­
eney of that constant on an clement's position in the Periodic Tnblr is 
111 J. J. Gilvarry. J. Chen!. PAys. 23, 1925 (1955). 
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TABLE XXIV. GntlNE.lSEN CONSTANT e ;, 

~ 
~ 

l' Calculated from C. data ("Q) 

t' l' Calculated l' Calculated from 
(This paper) from shock wave data ~' compressibility 

Element C. , C. (Literature) Ref. data (1'8) 1'sw Rcf. 

l! 
3 Li O. HI 0.89 1. 18±0.02 1,2 1.53 - -

I, 4 Be I.IG 1.15 1.18 ±0 .01 3,4 3.44 1.18 4 
5 B 1. 85 1.70 - - 1..17 - - l'i 

~ 6 C(g) 0. 24 0.23 - - 2.96 - - t" 

~ 
6 C(d) I. 10 I.JO - - - - - ,.. 

II Na 1. 33 1.31 1.31 ±O .OO 1,2 1.16 ±0 .O4 - -
12 ~!g 1.63 1.60 1.48 ±0.03 4, 5 1.14 1.32 4 G'l 

(fl I', 13 Al 2.18 2. 14 2.19 ±0.10 1-3, 6 1. 96 2.09 7 
(') 

a: 
J.I Si 0.57 0 .57 - - 1.81 - - 7-

"' 15 pew) ( 1.17)' 1.17 - - - - - 5 
151' (r) (2.83) ' (2.83)' - - 3.17 - - Z 

l'l 
15 I' (b) - - - - 1. 80 - - .?' 
lU S( r) (3. 11)' 3. 11 - - 1.35 - - ... 
1U K 1.37 1. 34 1.37 ±0.04 1,2 1. 30 - - ? 
20 Ca 1.07 1.04 1.16 3 1.12 - - I', 
2 1 Se (I. 17)' (1.03)· - - - - -
22 Ti 1.33 1.28 1.18 4 2. 04 1.13 4 k, 
23 V 1.55 1. 38 1.05 3 2. 11 1.42 8 

H 2~ Cr 1.53 1.51 1. 30 3 1.70 2.07 4 

I 
25 l\ {11 1. 28 1.16 2.07 ±0.86 1- 3 2.34 - -
26 Fe 1. 8 1 I. 70 1 .66 ±O.OO 1,3,6 1. 69 - -
27 Co 2 .07 1. 95 1. 93 ±0 .06 1,4 1.14 2.01 4 
28 Ni 2.00 1. 83 1.88 ±0.08 1,3, 6 1.28 2.00 ±0 . 19 4, 11 I; 

1 29 Cu 1. 97 1. 96 2.00 ±0 .08 1, 3,4,6,9 2.93 2 .00 ±0 .06 4,7, 11 

t , . 
I 

f 30 Z" 2.05 2.03 2.01 ±0 . 14 3-5 2 . 15 2 .24 ±0 . 14 4, 11 
31 Gil 1.45 1.44 - - - - -

; 32 Ge 0.80 0.80 - - 1.56 - -
33 As (0 .27)' 0.27 0.19 5 3.87 - -
3-1 Se 0.67 0 .67 - - 1.00 - -
35 Rb 1.85 1.80 1.67 ±0.19 2,5 0.90 - -

." 38 Sr 0.95 0 .91 - - 0.89 - - a: 
39 Y 1. 13 1.00 0.89 10 1.31 - 0< - f!l 
40 Zr 0.82 o.n 0 .83 ±0.06 4, 9 2.57 0.87 4 (') 

~ 41 Nb 1.7<1 1.58 1.58 ±0.11 3,4,9 2.00 1.42 4 ,.. 
I ,' 42 1\10 1.65 1.61 1.60 ±0.08 1-4 0 .56 1.41 4 ." 

43 Tc (2.75)' (2 .01)' :0 - - - - - 0 
44 Ru 3 .25 3.12 - - - 9 .46 - ." - i:'l , 
45 Rh 2.43 2 .29 2.23 ±0.03 3, 4 0 .71 2 .29 4 :0 

"l I 
46 I'd 2.47 2.18 2.28 ±0 . 10 1,3,4,9 7.35 2.84 4 [;J 
47 Ag 2.46 2.44 2.36 ±0.12 1,3,4,6 -0.32 2 .29 4 

(fl 

48 Cd 2.30 2 .28 2 .23 ±0.04 4,5 2 . 10 2.33 ±0.11 4,11 
~ 
Z 

49 In 2.48 2.43 2 .37 ±0.16 4,9 1.60 2.24 4 " 50 Sn(g) 1. 5t 1.51 - - - - - 52 
50 Sn(w) 2.27 2.22 2.00 ±0.14 3- 5, 12 1.85 1.93 ±0 .08 4, 11 "l 

l'l 
51 SI) (0 .8-1) ' 0 .84 0 .92 3,5 1.80 - - ;0 

:0 
52 Te 0.93 0.93 - - 1.45 - - t'J 

t" , 
55 Cs 1.49 1.44 1.44 ±0.16 1,2 1.14 - - ~ 

"l 
56 On 0.88 0.85 - - 0 .35 - - 0 
57 La 0.74 0 .66 0.32 10 1.47 - - Z 
58 CeCa) - - - - 0 .96 - - ~ 
58 Ceh) 0 .5\ 0.47 0 .50 10 -6.27 - - :; 

(fl 

50 I'r 0.64 0 .49 0 .37 10 0.60 - -
60 ~d 0 .82 0 .74 0.52 10 1.06 - -
61 Pm (0.81)· (0.72)' - - - - - I 
628m 0 .7\ 0.63 - - 1.00 - -
fi:~ Ell (1 .6U) · 1.64 2 .26 10 0 .36 - - ... -- ::-> 
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"Y Calculated from C. data ("Yo) 

"Y Calculated "Y Calculated from Ii 
(This paper) from shock wave data 

; 
compressibility 

Element C., C. (Literature) Ref. data (.".) "Ya" Ref. 

I 
64 Cd (0.57)' 0.52 0.55 10 1.62 - -
65 Tb 0.91 0 .83 0.61 10 - - -

! 66 Dy 0.87 0.78 0.68 10 1.35 - - E p 
I 67 Ho 1.24 0 .89 0 .80 10 1.35 - - t" 

11 
68 Er 1. 17 1.01 0.88 10 1.33 - -

~ 
69 Tm 1.38 1.08 0.94 10 1.47 - -
70 Yb 1.02 0.98 0.95 10 0 .98 - - 0 

00 

!l 71 Lu 0.75 0.66 1.15 10 1.45 - - C'l 

72 Hf 1. 07 1.04 - - 0.34 - - 5l , t'l ~.' 
73 Ta 1.82 1.69 1.70 ±0.06 1-4,9 0 .32 0.3 1 4 6 

i 
74 W 1. 78 1. 76 1.68 ±0.06 1,3 - 1.64 1.54 8 z 

t'l 
75 It. 2.66 2 .59 - - - - - ? l~ 
76 O. (2.02)' (2.02)' - - - - - ... 

) 77 Ir 2.49 2.39 - - 4.58 - - ?' 
78 Pt 2 .92 2.69 2.56 ±0 . 12 1,3,4, 9 0.05 1.81 4 r 79 Au 3.09 3.06 3 .04 ±0.04 1-4, 6 1.84 2.22 4 
80 IIg 3.00 2.93 - - - - -
81 1'1 2.27 2 .19 2 .73 5 1.51 2 .13 4 
82 1'b 2.84 2.74 2 .62 ±0.27 1,3,4 1.12 2.38 ± 0.35 4,7, 11 r' 83Bi 1.05 1.05 1.13 ±0 .0 1 3,5 1. 96 - -
8·\ Po (1. 62)' (1.61 ). - - - - - [, 

87 Fr (1.65)' (1.57) ' - - - - -
I 88 11 .. ( 1.21)' (1.17)' - - - - -

89 Ac ( 1. 03)' (0.92)' - - - - -

, 
~ 

~ 90 Th 1.41 1.34 1. 21 ± 0 .09 3,4 2. 37 1. 76 4 
91 p" (0.96)' (0.89)' - - - - -

'; 92 U 2.07 1.82 - - 4.03 - -
93 Np (3.00l' (2.67)' - - - - -
94 P u 6 .76 3.51 - - 2 .98 - -

"d 

• Estimated value; see text for further discussion. ~ 
'" n 
> 
t" 

"d 
;::l 
0 .... 
t'l 
~ 

:3 
"' 00 

> 
Z 

'" Z 
;,j 
;::l 
;::l 

'" t" 
> 
~ 

0 
Z 
00 
:t 
::; 
'" . 
.... -c.., 



416 KARL A. GSCHKEIDKEIt, JIt. 

REFERENCES Fon TABLE )L'UV 

1. E. Grlinciscn, in "Handbucb der Physik" (II. Geiger and K . Scheel, cds.), Vol. 10, 
p. 1. Springer, Borlin, 1962; NASA Nail. Aeron. Space Admin., Repl. (English 
Tran sl.) NASA-HE-2-18-59W. 

2. J. J . Gilvnrry, J. Chem. Phys. 23, 1925 (195,';). 
3. M . W. Zemnnsky, "Hent and Thermodynamics," 4th cd. McGraw-Hill, New York, 

1957. 
4. M. H. nice, n. G. r.JcQueen, and J. !I!. Walsh, Solid State Phys. 6, I (1958) . 
5. N. F. !llott and H. Jones, "Tbeory of the Properties of r.lctuls and Alloys." Dover, 

Now York, 1958. 
6. D. B. Fraser and A. C. H. Hallett, Pro<. 71h Intern. Conj. Low Temp . Phys., Torottlo, 

Onl., 1960, p. 689. Univ. of Toronto Press, Toronto, Canada, 19G1. 
7. L. V. M't. huler, S. B. 1,0rmer, A. A. Bllko.novu, and n. F. Trunin, Zh. Eksperim. i 

Tear. Fiz. 38, 790 (1000); Soviet Phys . JETP (English TT<lnsl. ) 11, 573 (1960). 
8. R. G. McQueen and S. P. 1\larsh, J . Appl. Phys. 31, 1253 (1960). 
9. W. J. Cnrter, U.S. At. Energy Comm. Rcpl. L_-\1\[8-2640 (May, 1962). 

10. K. A. Gschncidner, Jr., "Rare Enrth Alloys." Van Nostrand, Princeton, !\ew Jersey, 
1961. 

11. L. V. AI'tshuler, A. A. Bakanovn, and R . F . Trunin, Zh. Eksperim. i TeaT. Fiz. 42, 
91 (1962); Soviet Pilvs. JETP (Ettglish Tran81. ) 15, 65 (1962). 

12. V. T. Deshpande and D. B. Sirdeshmukh, Acta Cryst. 14, 3';5 (1961) . 

seen, especially for the elements in the fourth , fifth, and sixth periods. 
The value for the alkali metals, which is close to the mean for all the 
metals, decreases as one moves along the period, with a minimum occurring 
at about the group IlIA clements. The value then gradually rises to a 
maximum at about the group IB metals, with a few minor oscillations 
between the group IlIA and IB metals. From the maximum at group IB, 
'Yo decreases almost steadily until the end of the row is reached. 

The Griincisell constants for the rare earths are shown in Fig. 330., 
and it is seen that 'Yo increases with increasing atomic number. The values 
for 'YG scatter considerably about the straight line drawn through the 
points. 

The Griincisen constant, 'Yo , as calculated from the total heat capacity 
at constant volume, C" is ahmys equal to , or less than, that calculated 
from C.I. The mean value of 'YG (from C.) is l.EO ±0.78. The error ±0./8 
corresponds to a percentage el"l"Or of ±52.0%. Comparing these calculated 
'YG values with the literature values we find that 33 out of 51 of these­
values agree ,dth one another within ± 10%. Most of the differences 
between the other 18 sets of values cnn be expluincd on the basis of revised 
thermal expansion and compressibility data. Such differences arc to be 
expected, since many of the 'YG literature values arc ba cd on data over 
30 years old. Thus, the agreement between literature values and those 
calculated herein seem to be reasonably good. 

GrUlIeiSCII COlls/allt 'Ys. A cOlllpnrison of 'Yo (from C.I) and 'Ys was 
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FlO. 32. Gruneisen constnnt, "0, as calculated from C,', of nil of the clcments con­
sidered in this review with the cxt<!ption of the Tnre-<'srth metal.. The horizontal dashcd 
line represents the mcan values. Open points arc estimated data. 

made, thus exi,ending analysis of Slater17 and of Gilvarryll7 to all of the 
elements for which experimental data exist. Arbitrarily the following 
criteria were used in assessing the data: (1) if 'Ys lies within ±2.5% of 
'Ya, then the agreement was considered to be very good; if "Ys lies behYeen 
±25. and ±50% of 'YG, then the agrcement wus considered to be good; 
(3) if 'Ys hes bet"'een ±50 and ±80% , the agrcement was considerrd 
fair; and (4) if it was more than ±80%, the agreement was considered 
to be poor. This scale is about the same as Gilvarry used.'17 It was found 
that for 18 elements the agreement was very good (B, Ka. AI, K, Ca. 
Fe, Zn, Sr, Y, Kb, Cd, Sn(w), Cs, Pr, Ho, Er, Tm. and Yb); for II clr­
ments the agreement was good (Mg, V, Cr, Ni, Cu. Se, In, 1\d, i'm, Au. 
and Tl); for 11 elements the agreement was fair (Li, Ti, Mo, Rh, Tr. 
Bu, Dy, Hf, Pb, Th, and Pu); and for 20 elements the agreement was 



I 

418 KARL A. GSCRXElDXER, JR. 
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FIG. 33. (n) Grilnciscn constant, 'Yo, as calculated from C.', of the rarc-earth metals. 
(b) Size factor of thc rnre-earth metals. Opcn points arc estimated data. 

poor (Be, C(g), Si , i\In, Co, Ge, Rb, Zr, Ru, Pd, Ag, La, Ce('Y), Lu, 
Ta, W, II', Pt, ni, and U). Of the elements which are included in the 
"poor" category, the compressibility data for 8 of the metals (Ru, Pd, 
Ag, 'Y-Ce, W, Jr, Pt, and U) wns suspected of being incorrect (see Section 
24). The compressibility data of Mn and Rb had been questioned by 
Gilvarry,'17 and this lllay explain the poor agreement for these two cle­
ments. If these clements al'e excluded from the above analysis, then we 

would have 18 very good, 11 good, 11 fair , and 10 poor. Thus it woulJ 
appear that one finds reasonable agreement between 'Yo and 'Ys, as haJ 
been proposed by Slater. 

The menn mlue for 'Ys was found to be 1.64 ±0.91, if the value for 
the clements Hu, Ag, 'Y-Ce, Pd, and Ware excluded from the average. 
The error ±O.OI corresponds to the percentage error of ±55.5, which is 
slightly poorer than that for 'Yo. 

-- -
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Gru7leisen C07lsta7lt 'Ysw. The Griineisen constant as determined f!'Olll 
shock wave data, 'YSIV, was also compared with 'Yo. It was found thal 'YS1I' 

was smaller than 'YG for 17 clements and greater for 9 elements (:.limt"! 
2 to 1) . By using the same criteria as given above, it was found thut 
very good agreement was obtained for 22 elements (Be, Na, Mg, Ti. Y. 
Co, Ni, Cu, Zn, Zr, Nb, Mo, Hh, Pd, Ag, Cd In, Sn(w), W, 1'1, Pb, anti 
Th) j good agrccment for 3 elements (Cr, Pt, and Au) j and poor agree­
ment only for tantalum. This indicates that 'Yo = 'Ysw is a very good 
approximation. 

Since the agreement between 'YG and 'YSIV is good for Be, Co, and Zr 
(3 of the 10 remaining elements for whieh 'YS is in poor agreement with 
'Yo), this places a higher deg"ee of confidence on 'YG for these 3 c1elllents 
and therefore suggests that 'Ys may be unreliable because of inaccuracy 
in the compressibility data, especially in the b (prcssure-c\ependence) term. 

It is interesting to find that 'YSIV ~ 'Ys for tantalum and that both of 
these values are very much smaller than 'Yo. Perhaps the value for 'YG is 
incorrect, a lthough this seems unlikely since the values of a, V, x, and 
C. are reasonably well established. 

The mean value for 'YSII' is 1.76, which is somewhat larger than the 
mean value of 'Yo, 1.57. Since it was mentioned above that 'YSIV is usually 
smaller than 'Yo, the reverse relationship between the means is somewhat 
surprising. However, if one takes the average for the same elements for 
which 'YG, 'YS, and 'Ysw are all known (Be, i\ig, AI, Ti, V, Cr, Co, Ni, 
Cu, Zn, Zr, Nb, Mo, Hh, Cd, In , Sn(w), Ta, Pt, Au, TI, Pb, and Th ) , 
we find the mean values to be 1.98, l.67, and 1.76, respectively. 

Gsehneidner and Vineyard' have used the Grtineisen constant to predict 
departures from Vegard's law (which states that the lattice constants of 
binary alloys vary linearly between the two end-menbers). They found 
that their method, based on seeond-order elasticity, dcscribed the sign 
and order of magnitude of departures from Yegard's law in binary alloy 
systems better than did previous techniques given in the literature. 

Estimated Data. In calculating 'YG from C.' and C., there arc a fe\\' 

elements for which thc coefficient of expansion, the compressibility, or 
the heat capacity at constant volume (C., and C.) were not known experi­
mentally. If anyone of these quantities was estimated, then 'Yo wa~ ('on­
sidered to be estimated also, 

29. SIZE FACTOR 

Eshelby's Approach. Eshclbyll' has pointed out in his revicw pa],)('r 
on the continuum theory of lattice defects that it is possiLJ!(' lo <il'rI\' (' 

III J . D. Eshelby, Solid Sial. Phy •. 3, 79 (1956). 
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Hume-Rothery's 15% size rule for the solid solubility of metallic phases.""'" 
Hume-Rothery's empirical size rule states that if two substances differ 
in size by more than ±15%, very limited solid solubility is to be e.'(peeted; 
but if they differ by less than 15%, then solid solubility is expectec.l if 
other factors arc favorable. lIg ·", Waber et al.' have shown, considering only 
the size factor, that for 619 binary alloy systems where the size difTerence 
is greater than ±15%, 90% of these systems exhibi ted very limited solid 
solubilities, and fOI: 804 systems where the size ditIerence is less than 
±15%, only 50% of these systems exhibited extensive solid solutions. 
This is a very striking confirmation of Hume-Rothery's size rule, proposed 
almost 30 years ago. 

Eshelby noted that the size factor , S.F., is given by 

[(RTm)(1 - ")JI 
S.F. = -;v 1 + " ' (29.1) 

where R is the gas constant, T m is the melting point, Il is the shear modulus, 
V is the atomic volume, and rr is Poisson's ratio. It should be noted that 
the term RTm/IlV is the Leibfried number, L, which was discussed in 
Section 26. Since L~0.030 and (1 - rr )/(1 + rr) ~0.5 (Section 23), 
we find S.F. ~ 0.13 or 13%. Eshelby explained that if the size difIerence, 
ITA - TO/TAl = <, is smaller than the size factor calculated for the solvent, 
A, no solid miscibility gap is expected; but if f is greater than the size 
factor, then the formation of two phases, i.e., limited solic.l solubility, is 
expected. 

As mentioned in Section 2(), it was thought that the modified Leibfricd 
number, L', was more accurate than L, and accordingly L' was used in 
calculating the size factor. Furthermore, it was mentioned in Section 26 
that L' ~ <B, where <B is the Bragg number, and therefore a second set 
of size factors was calculated by using <B instead of L'. The size factors 
calculated from L' and (B (Table X,\II) and the term (1 - rr)/(l + ,,) 
(Table x,"C) arc listed in Table XXV. From these two, L' and <B, a size 
factor, called the " bcst value," was cllOsen, which is also given in Table 
XXV. This best value is thought to represent the best size factor for a 
given element as calculated by Eshclby's method. 

Friedel's Approach. Fricdcl independently suggested another method 
for determining the size factor for cach elemcnt.I " He gave the following 

L11 W. Hurne-Rotbery, G. W. MabbolL, and K. :\1. Channel-Evans, Phil. Tram. Roy. Soc. 
London A223, 1 (1934). 

u, W. Hurne.Rothery, "Structure of 1I1etals nnd Alloys," 1st ed. (1939); and W. Hume­
Rothery and G. V. Raynor, ibid., 3rt! ed. Inst. :lfeta10, London, 1954. 

W J. Friedel, ildvan. Phys. 3, 504 (HlJ4). 

-
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expression: 

S.F. = [RTmx]1 = [
4RTmxJI 

..-i'N 31" (29.2) 

where X is the compressibility and r is the atomic radius. Since it has bC(,ll 
shown that Richard's rule is a poor approximation, the constant J( was 
substituted for R in Eq. (20.2) (see Section 27). The value of the constant 
K depends on the crystal strncture of the clement just prior to melting. 
The size factor determined in this manner is also shown iu Table xxr, 
under the column heading "Calculated from Friedel's approach." 

Discussion. The values determined from the two approaches were then 
averaged (except for a few elements) to give the final value, which is 
believed to best represent the size factor for a given clement. If the size 
factors differed by more than ±().OO from one another, the two values 
were not averaged but the lower value of the two was chosen to be the 
representative value for that particular clement. This lower value was 
chosen for graphite, diamond, white and red phosphorus, manganese, 
selenium, and thallium. Since there was only one value for black phos­
phorus, it neccssarily was used. 

The mean value for the size factor based on L'is 12.07 ±2.49; based 
on <B it is 12.il ±2.58; based on the best value from Eshclby's approach 
it is 12.50 ±2.48; and based on Friedel's approach it is 13.02 ±3.63. 
The mean value of the fmal best representative values is 12.88 ±2.73. 
The error for the final best representative value ±2.73 corresponds to a 
percentage elTor of ±21.2, which is quite good. The final best representative 
value varies £I'om a minimum of 7.81 for gallium to a maximum of 50.5() 
for graphite. These values for the elements are shown in Fig. 34. The 
dependence on the location of the element in the Periodic Table is again 
evident. The large values for the alkali and alkaline-earth metals decrease 
slowly as one moves across each period, reach a minimum ncar iron anc.l 
its cogeners, increase to a maximum at the group IB clements, decrease 
to a minimwn near the group nD elements, and finally attain a maximum 
near the group VB elements. 

The size factors for the rare earths show a steady increase with incrcasing 
atomic number (Fig. 33b). The large values for europium and ytterbium 
correspond to the large values of the alkaline-carth metals; again this 
shows the divalent nature of these two rare-carth metals." The value ior 
a-Ce is included for comparative purposes ; this value, because of ils 
higher valence, would not necessarily be expected to lie on the same curve 
with the other rare earths. 

Preliminary results from an extension of the study of the prcdirt ion 
of solid solubility in metallic alloys' indicated that a slight impro" cllll"IlL 
could be gained by using the indi\'idual size factors from Eshelby's approllch 
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TABLE XXV. SIZ" FACTOR" II> ~'; .., .., 

Calculated from Eshelby'. approach 
t) 
F 

From modified From Calculated from 
j Element Leibfried No. Bragg No . Best value Friedel'. npproach Meao or chosen value' l' 
" 

3 Li 16. Dl- 15.48" 15.48- 17.25- 16.37 ±0.8Qa P 
4 Be 12.34 13.50 13.50 17.70 15.60 ±2.10 

I" 
5 J3 13.97 (14.51)' 13.97 18.78 16.38 ±2.41 ~ 
6 C(g) 107.0 181.4 181.4 50.56 50.564 

., 
t"' 

6 C(d) n.~9 21.00 21.00 28.34 21.00' 
~ 

1I Na 13.24 12.46 12.46 15 .02 13.7-1 ±1.28 
12 Mg 14 AI 13 .94 13 .94 15.52 14.73±0 .79 " U> 

13 AI 12.97 13 .65 13.65 12.!l-l 13.30 ±U.36 
(") 

:ll 

J.I Si 19 .28 19.55 19.55 22.63 21.09 ±1.54 ?: 
l"l 

151'(w) (23 .08)- (10.90)' (lO.HO)· 2:1.17 J{J .9O' a 
15 Per) (19 .52)' - (19 .52) ' 11 .79 11.79" z 

l"l 
15 PCb) - - - 10 .02 10.02' .P' 
16 S(r) 11. !l8 7.61 7 .61 12.W· 10.10 ±2.49 

~ I!I K 14.36 13.43 13.43 15.15 14.:.19 ±0.S6 
20 Ca 15.01 14 .90 14.90 16 .61 15.76 ±0.86 
21 Se (12.81)' (13 .32)' (13.32)' (14.39)- 13. 86 ±0.52 t! 
22 Ti 12.17 (11.76)' 12.17 12 .32 12 .25 ±O.08 
23 V 13 .98 (13.49)' 1:1.98 12 .60 13.29 ±O .69 I "~ 

2·1 Cr 11.10 10.26 10 .26 12 .4 1 11.34 ±1.08 
25 Mn 11.06 12 .22 12.22 18 .48 12 .22' 
26 I'e 11.43 11 .85 11.85 12.21 12 .03 ±0.18 
27 Co 12.93 1I .90 11 .90 13.35 12.63 ±O.73 
28 Ki 13 .50 13.40 13.40 13.48 13.44 ±0.04 

I , 29 Cu 14.15 13 .65 13 .65 13.73 13.69 ±0.O4 

t 

" 
~: 

~ 
30 Zu 10.42 10.57 10.57· 12 . 78 11.68 ±1.11 
31 Gn 5 .93 8.56 8.56 7 .06 7 .81 ±0 .75 

" 
32 G. 18.80 17.89 17.89 20.40 . 19.15 ±1.26 
33AB (25.36)' (26.12)' (26.12)' 25.16 25.64. ±0.48 r 
34 Se (12.36)- (8.42)' (8.42)' 31.31 8.42' 
37 Hb (1:3.98)' (13 .63)' (13.63)' 13.21 13.42 ±0.21 

.." 
38 Sr (15 .27) ' (Ul.08)' (16.08)' 16 . 19 16.41 ± 0 .33 :ll 

39 Y 12.30 11.11 11.11 15.52 13.32 ±2.21 
-: 
U> 

40 Zr 12.73 ' (12.29)' 12.73 13.40 13 .07 ±0.34 n 
;.. 

41 Nb 15 .5 1 (l4.!J7)' 15.51 9.58 12.55 ±2.97 t"' 

42 Mo 10 .29 11 .37 11.37 10. 55 10 .96 ±0.41 .." 
:0 

43 Tc (10.28)' (9.73)' (9.73)' (11.10)- 10,42 ±0 .69 0 
.." 

4-1 nu 10.26 (!l.71)- 10.26 11.22 10.74 ±0.4S l"l • 45 nh (9 .57)' 10 . 11 11.35 10.73 ±0.62 
:0 

10.11 ::l 
46 Pd 13.33 12.70 12.70 12.13 12.42 ±0.29 l"l 

en 
47 Ag 13 .69 13.05 13.05 12.43 12.74 ±0.:11 

~ 48 Cd 9.95 9.98 9.98 11.25 10.62 ±0.6~ 
49 In 16.23 13 .89 13 .89 9.28 11.59 ±2 .3 1 '" 
50 Sn(g) 12.15 8.49 8.49 8.95 8.72 ±0.2:! Z 
50 SII(W) 7.98 10.08 10.08 7 .96 9.02 ±1.06 ~ 
51 Sb 17 . 12 16.40 16.40 19.69 18 .05 ±1.65 :0 

r;; ; 
52 Te 16.11 16 . 19 16.19 21.42 18 .81 ±2 .62 t"' 

55 C. (15 . ~0)· (14 .51)- (14.51)' 14.57 14.5-1 ±O.03 ;.. 
o-l 

56 138. 14 .93 14 .71 14 .71 15 .85 15 .28 ±0.5i ::; 
57 La 12.06 \),78 9.78 14 .67 12.23 ±2.·J5 z 

rJl 

58 CeCa) 20.52 16.05 16 .05 14 .(iO 15.33 ±O.73 :5 
58 Ce(y) 13.89 10 .87 10.87 15.38 13.13 ±2.26 " 

, 
rJl 

59 Pr 13.01 11.07 11.07 13.69 12 .38 ±1.31 f 
60 Nd 13.07 10.S!) 10.89 13 .80 12.35 ±1,46 
61 Pm (12 .71)- (II. 26)' (11.26)' (1:1.42)' 12 .34 ±2.5~ 
6:! Sm 1:1. 75 12 .38 12.:l8 15.50 13.94 ±1.56 
63 Eu (16 .28) ' (16.77)' ( 16 .77) ' 15 .05 16 .36 ±O.'ll .... 

'v w 

I . 
~ 
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TABLE x,'{V. SIZE FAcron'-Continued "" "" ... 

"" I 
Calculated from Esbelby's approach 

;. 

J 
From modified From Calculated from 

Element Leibfried No. Bragg No. Best value Friedel'. approacb Mean or chosen value' 'r 

M Gd 12.48 12.26 12.26 14.31 13.29 ±1.03 
65 Tb 12.67 1l.33 11.33 14.47 12.00 ±1.57 
66 Dy 12.53 (1l .10)' 12.53 15.08 13.96 ±IA3 ~ [t' 
67 110 12.35 12 .55 12.55 15.17 13 .86 ±1.31 '" t< 
68 Br 12.15 (10.76)' 12.15 15 .19 13.67 ±J.52 !" lr GO Tm (12.30)' (l3 .63)· (13.63)' 15.79 14.71 ±1.0S 

70 Yb IG .IS 15 .21 15.21 18.12 16,67 ±l.46 0 
oo 

71 Lu (12.14)' (10.75)' (10.75)' 13.13 11.94 ±1.19 <> 
III 

72Hf 11.82 (llAOl' 11 ,82 12.95 12.39 ±0 .57 z 
t>l I.' 

73 Tn 12.54 (12,10)' 12,54 12.21 12,38 ±0.17 C 
74 \V 10 . 17 11.23 11.23 10.81 11.02 ±0,21 z " 

t>l 
75 Ilc 10.74 (10,32)' 10,74 11.61 ILlS ±0.44 ..'" I' 
76 Os (10,03)' (9.63)' (9,64)' (11.01)' 10 ,32 ±0 .G9 

? 77 Ir 9 ,30 (8 ,94)' 9,30 10.77 10 ,04 ±O,H 

78 Pt 12 ,G7 12,21 12.21 10 .22 11.22 ±1.00 

79 Au 13,64 12.89 12,89 9,SS 11.39 ±J.51 

80 Hg S.03 8.43 8.43 8,07 8.25 ±0.18 

81 '1'1 IS,27 17.69 17,69 9,59 9.59" 

82 Ph 15,17 13.28 13.28 9 .95 I1.G2 ± 1.67 

83Di 14 . 99 13.60 13.G9 15.5S 14 ,64 ±0 ,95 

8·\ Po (9.98)' (9 ,00)' (9 ,09)' (9,81)' 9.45 ±0,3G 

l 87 Fr (15,22)' (14,69)' (14,G9)' (14.31)' 14.50 ±O , 19 

SS Ra (12.88)' (12,34)' (12 ,34)' (13 .GS)' 13.01 ±0.67 

89 Ac (15.57)' (14.97)' (14,97)' (17,59)' 16 . :.18 ±I ,31 

~ 
00 Th 12,30 (11.87)' 12.30 13,64 12 ,97 ±0.67 
91 Pa (11.61)' (10,58)' (10,58)' (12.SS)' 11,73 ±1.15 
92 U 8 .07 (7.79)' 8.07 10.33 9.20 ±1.13 
113 Np (8.76)' (8.45)' (8.'15)' (10.03)' 9,24 ±0.79 
94 Pu 9.73 6.09 6.09 11.81 8.95 ±2.86 

'" • All values given in percent. ~ 
• Mcnn or chosen value determined from "Best valuc, Eshelby'. approach" and from "Friedel's approach" (columns 4 and 5, re- oo 

8 
BpCctively). Most values are means; chosen values are indicated. ~ 

, Estimnted value; see text for further discussion. 

'" ~ Chosen value; sec text for furt.her discussion. III 
, Using the lnrger value for the compressibilily of sulfur, the size factor;' 16.02%. See discW!8ion concerning tbe choice of compressi- 0 

'" bility value. t-J 
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Group 

FlO. 34. Size faclor (final best representative value) of all of the clements cOllsidered 
in this review 'witb the ('xcC'ption or the rare-earth metals. The horizontal dashed line 
represents the mean valuc. Open points are estimated datn. 

rather than the 15% criterion of Humc· Rothery for all of the mctals. 
In the near future \I' C plan to analyze the samc data by using the final 
best rcpl'esentati\'e mlue of the size fartor. 

Estimated Dala. The data shown in Table XXV are considercd to be 
estimated if one or more of the quantities (shear modulus, Poisson's 
ratio, compressibility, atomic volume, melting point, and heat of fusion) 
were estimated. 
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For a number of years the author and his co-workers have been inter­
ested in alloying theory. Initially we were concerned with the rare earths' 
and the actinide elements,'" but more recently we extended our range of 
interest to include most of the metal1ic and semimetallic elements of the 
Periodic Table.'" Soon after we had become involved in this enbrged field, 
it became apparent that no extensive listing of many of the physical 
properties and some of the derived properties of the elements, such as the 
Griineisen constant, could be found in the commonly available handbooks 
or referencc books. Although some books and review articles contained 
selected values for a few of these properties of many of the metals, there 
were still a small number of clements for which data were not available. 
Furthermore, a number of values listed in the handbooks were found to 
be outdated and needed to be replaced by more recent data. For these 
reasons we found it necessary to make our own compilation of data to 
facilitate furthering our study of the alloying behavior of the elements. 
It was then felt that these data woult! not only be of interest to us but 
also to other scientists actively engaged in the studies of solids; therefore, 
these values arc being presented in the hope that they will be useful to a 
large segment of research workers. 

1. GENERAL DESCRIPTION OF THE TABLES OF PHYSICAL PnoPEnTIEs 

The physical properties given in this compilation are listed in the 
accompanying tabulation according to the table in which they can be 

, K. A. Gschncidner, Jr. "lid J . T. Waber, tn "The Rare Earths" (F. H. Sp.,ddmg and 
A. H. Danne, eds.). p. 386. Wi loy, New York, 19GI. 

• J. T. Waber, in "E.,tractivc and Physical ~[etnlll rgy of Plutonium and Its Alloys" 
(W. H. Wilkinson, cd.), p. Ill. Wiley (Iotersciellce", :-lew York. 1960. 

I J. T. \raber nnd K. A. Cschnciuncr, Jr., i,,, "Plutonium H)60" (E. Grison, \V. D. H. 
Lord, and R. D. Fowler, eds.), p. 109. Cieaver-ll umc, London, 19G1. 

• K. A. Gsehncidner, Jr. and G. H. Yineyard. J. Appl. Phys. 33, 3~44 (1962). 
I J . T. Waber, K . A. Gschneidner, Jr., A. C. Larson, nnd ~1. Y. Prince, Tran •. AllIfE 

227,717 (1963). 

- -

I 

~ . 

PHYSICAL PROPERTIES A:>'D INTERRELATIONSHIPS 277 

found. Values for two quantities that have frequently been used in alloying­
theory studies, viz., the metallic radius and electronegativity, are not 
included here. Such data have been compiled and published fairly recently.' 
Other properties, such as magnetic susceptibility, electrical resistivity, 
and thermal conductivity, which are generally of interest to those studying 
solids, are not included in this compilation primarily because such proper­
ties do not appear to be important in alloying theory. 

Table number 

I 
II 
III 
IV 
V 
VI 
VII 
VIII 

IX 
X 
XI 
XII 
XIII 
XIV 

XV 

XVI 

XVII 

XVIII 

Table title 

Young's (Elastic) Modulus 
Shear Modulus 
Poisson's Ratio 
Isothermal Compressibility 
Comp ..... ihility at Zero Pre""ure and the Bulk Modulus 
Linear Coefficient of Thermal Expansion 
Atomic Volume 
Primary and Secondary Fixed Points of the International 

Practical Temperature Scale 
Melting Point 
Heat of Fusion 
Boiling Point at 1 Atmosphere 
Cohesive Energy and Heat of Sublimation at 29soK 
Electronic Specific Heat Constant 
Heat Capacity at Constant Pressure and at Constant Volume 

and the Dilation Term 
Debye Temperatures Obtained from Specific Heat Data and 

from the Lindemann Equation 
Debye Temperatures Obtained from Specific Heat Data and 

from Ebstic Constanta 
Debye Temperatures Obtained from Electrical Resistivity, 

ThermnJ Expansion, /lnd X-Ray Intensity Dllt" 
Comparison of Debye Temperatures 

The values of the properties given in the tables, unless otherwise 
noted, are for the common modifications of the elements existing at 20S°l{ 
(25°C). Specifically, these are the following: the crystalline forms of 
boron, carbon (see below) , sulfur (see below) , arsenic (A7)··, selenium 
(AS),·' and tellurium (AS)"; the hexagonal closest-packed (A3)" forms 
of beryllium, scandium, titanium, cobalt, yttrium, zirconium, gadolinium, 
terbium, dysprosium, holmium, erbiulll, thulium, lutetium, hafnium, and 
thallium; the face-centered cubic (A I)" forms of calcium, strontium, 

• E. Teatum, K . Gschneidner, Jr., and J . Wnber, U.S. l it. Energy COlli",. Rept. LA-2345 
(June, 19GO) . 

.. Strukturbericht notation. 
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cerium (see below) , ytterbium, and thorium ; the complex crystal-structure 
forms designated as a-l\ln, a-U, a-Np, und a-Pu; the body-centered 
cubic (A2)" form of iron (a-Fe) ; the hexagonal (with a double c-axis) 
form of lanthanum, praseodymimTI, and neodymium; the rhombohedral 
form of mercury and samarium; and the simple cubic form of polonium. 
The remaining elements, except phosphorus and tin (see below), are 
known to have only one crystalline modification. The data for mercury 
are for the solid at its melting point of 234°K (-3()°C) instead of 298°I\:. 
Some of the properties, such as the melting point, heat of fusion, boiling 
point, etc., obviously do not pertain to this temperature, or to the allotrope 
which exists at 298°K. 

For five of the elementS, viz., carbon, phosphorus, sulfur, tin, and 
cerium, data are given for more than one allotrope. In the tables, the 
following nomenclature is used to identify the various allotropes of these 
five elements: C(g) refers to graphite, which is the standard reference 
state at 298°I{; C(d) refers to diamond; pew) refers to white phosphorus; 
Per) refers to red phosphol'lls, which is the standard reference state at 
298°K; PCb) refers to black phosphorus; S(r) refers to orthorhombic 
sulfur, commonly called "rhombic" sulfur, which is the standard referenee 
state at 298°1(; SCm) refers to monoclinic sulfur; Sn(w) refers to white 
or metallic tin, which is the standard reference state at 298°1(; Sn (g) 
refers to gray or diamond tin; CeCa) refers to the collapsed face-centered 
cubic form of cerium, which exists below ll6°K at 1 atm, or above 74;0 
atm at 298°1\:; and Ce('Y) refers to the normal face-centered cubic form 
of cerium, which is the standard reference state at 298°Ie 

A list of references is given for each table, so one does not have to 
thumb back and forth to find the source of information. In somc instances 
where no experimental data exist, an estimated value is given. The esti­
mated value is always given in parenthescs, and the manner in which 
the value was derived is discussed in the text. 

2. GENERAL DESCRIPTION OF THE DERlVED PROPERTIES 

The derived properties and some interrelationships of the physical 
properties are examined and discussed in Part IX of this chapter. Those 
subiects which also appear in tabulated form are listed in the accompany­
ing tabulation. 

The initial goal in our alloy-theory program was a set of Grtincisen 
constants' and a set of size factors' In order to calculate these quantities , 
almost all of the physical properties given herein are needed in the compu­
tations. Some of the other derivcd quantitics are not only intermediate 

1 J . T. Wnbcr, A. C. Larson, nnd J(, A. Gschneidner, Jr., to be published (1965). 
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Table number 

XIX 
XX 
XXI 
XXII 
XXIII 
XXIV 
XXV 

Table title 

Ratio of Young's Modulus to tho Shear ~Iodulus 
Ratio of (1 - v)/(l + v) (where v ill Poisson's ratio) 
Ratio of the Compressibility Constnnts, b/ a' 
Leibfried. Modified Leibfried, and Bmgg Numbers 
Entropi .. of Fusion nnd Vaporizution 
Grunoi.sen Constant 
Size Facto. 
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steps in the computations of the Grlineisen constant and size factor, but 
also serve as checks on the consistency of initial data (i.e., the measured 
physical properties of the elements) . Furthermore, some of the "constants" 
of the elements-i.e., the Grlineisen constant, entropy of fusion, etc., 
which have been derived for a few elements and then generally assumed 
to apply to n.ll elements-are exn.mined to see if this generalization is 
valid. No attempt is made to discuss these properties in detail , since 
most of them are discllssed in te:\:tbooks and in many instances in detailed 
review papers recently published. 

•• Elastic Properties 

The four elastic properties listed here, Young's (elastic) modulus, 
the shear modulus, Poisson's ratio, and the compressibility, are for bulk, 
polycrystalline materials. At the time of writing, single-crystal !'lastic 
constants were available for about half of the elemcnts considered herein. 
It is because of this sparsily of data that single-crystal valucs are not 
included in this review. Hearmon'" and Huntington'O have included in 
their review pn.pers extensive listings of clastic constants derived from 
single crystals. Almost all of the more recent single-crystal data (since 
1957-1958) have generally been published in either the Physical RCL'iew 
or the Journal of Applied Physics. 

In a few instances where reliable polycrystalline data are lacking but 
siugle-crystal dn.ta afe available. the reviewer has used the method of 
Voigt" to calculate the four clastic properties from the single-crystal data 
Values so obtained are identified as such in the tablcs. 

• R. F. S. Hearmon, Rev . .1/od. Phy •. 18, 409 (l946). 
• R. F. B. Henrmon, Admn. Phyo. 6, 323 (19.'\6). 
" H. B. Huntington, Solid Sial. Pilys. 7, 21:J (19.)8). 
11 W. Voigt, HLchrbuch dcr l\.Oslnlph.rslk," Teubner, u 'ipzig, 1028; also sec Hunting. 

ton," p. 3l7. 
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For an isotropic medium the four elastic properties arc related to one 
another by the following equations: 

(II.1) 

and 

1 Y 
-=B= x 3(1 - 2cr) 

(II.2) 

where Y is Young's modulus, I' is the shear modulus, cr is Poisson's ratio, 
X is the compressibility, and B is the bulk modulus. The compressibility 
and the bulk modulus ate considered to be one elastic property, since one 
is the reciprocal of the other. It is seen from Eqs. (II.1) and (II.2) that 
if two of the elastic properties are known, the other two may be calculated; 
i.e., anyone of the four elastic properties muy be expressed in terms of 
two of the remaining three. The twelve possible equations have been sum­
marized by Koster and Franz" and therefore are not repeated here. 

In general the values listed for each of the four elastic properties were 
obtained experimentally. In a few instances when an experimental value 
was not available, and when values of two of the other elastic properties 
were given, the values for the other two properties were calculated. This 
procedure is valid if the two experimental values pertain to the same 
material; if, however, they pertain to different samples, then the above 
procedure may not be valid. Values calculated from data taken from differ­
ent samples are identified by footnotes in the tables. Fortunately, this 
procedure led to consistent results for all but selenium (this is discussed 
in Section 5) . 

3. YOUNG'S MODULUS 

Values for Young's modulus, also known as the elastic modulus, are 
listed in Table I, and ure shown in Fig. 1 for the clements of the fourth, 
fifth, and sixth periods of the Periodic Tahle. It should be noted that 
Young·s modulus varies between O.03Gl X 10' kg/ cm' for potassium to 
11 .5 X 10' kg/ em' for diamond. Estimated valtws. however, would indicute 
that the lower limit is probably o.on X JO' for francium. The magnitude 
of Young's modulus appears to be dependent on the electronic configura­
tion of the element, i.e., the group in which it lies. The maximum value 
encountered in a gi\"en period is associated with the clements having the 
maximum number of unpuired d electrons. As will be noted, this behuvior 
is observed in a number of other physical properties. The anomalous 
behaviors of manganese, iron. cobalt, and nickel (Fig. 1), as compared 
with those of their cogeners of the fifth and sixth periods, are also evident 

12 W. KOster and H. Fran>, Met . R"". 6, I (1961). 
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TABLE J. YOUNO'S (EL.<STIC) MODULUS 

Y X 10-' 
Element (kg/em') Ref. 

3 Li 0.1I7··· I 
4Be 3.04 ±0.I2 2,3,4 
5 B 4 .50 5 
6 C(g) 0.08~9 ±0.0025 6 
6 C(d) 11.5 ±1.3' 7 

11 Nn 0.0912'·' I 
12 l\Ig . 0.452 3 
13 Al 0 .724 3, S, 9 
14 Si 1.05 ±O. 10 10,11 
15 pew) (0.047)d -
15 Per) (0. 194)d -
15 PCb) (0.307)d -
16 S(r) 0.19S· 7 
19 K 0 .0361'·' 1 
20 Ca 0.200 3 
21 Sc O.SO!) 12 
22 Ti 1.08 ±0 .4 3,4,13 
23V 1.34 ±0 .05 4,14 
24 Cr 2.48 ±0.04 15 
25 Mn 2.02 3 
26 Fe 2 . 14 ±0 .03 3,16,17 
27 Co 2.10 ±0 .0"2 3,17 
28 Ni 1.97 17 
29 Cu 1.26 ±O .OO 3,9,16 
30 Zn 0.940 3 
31 Gn 0 .9-14'·' 18 
32 Gc 1.01 19 
33M, (0.398)' -
34 Sc 0 .5911 20 
37 Rb (0.0277)' -
38 Sr (0.139)' -
39 Y 0.661 ±0.015 21,22 
40 Zr 0.939 ±0.004 4,23,24 
41 Nb 1.07 ±0 .01 4,25,26 I ~ I 
42 1\10 3 .34 ±O . 10 3, 16,27,28 
43 To (3 .76)' -
44 Ru 4 .20 ±0 .02 20, 29 
45 RIt 3.S0 ±O .OO 3,16 
46 Pd 1.26 ±0 .0"2 3,16 
47 Ag 0 .822 ±0.010 3,16,30 
48 Cd 0.635 3 
49 In 0 . L07 3 
50 So(s) 0 .53·\ 31 
50 Sn(w) 0.550 3 
51 Sb 0 .560 3 
52Te 0.42 32 

- -
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TABLE I. YOUNO'S (ELASTIC ) ~[oouLUs-Continued 

Element 

55 C. 
56 Ba 
57 La 
58 Ce(a) 
58 Ce(,,) 
59 Pr 
60 Nd 
61 Pm 
62 Sm 
63 Eu 
64 Gd 
65 Tb 
66 Dy 
67 Ho 
66 Er 
69 Tm 
70 Yb 
71 Lu 
72 Hf 
73 Ta 
74W 
75 Re 
76 Os 
77 Ir 
78 Pt 

79M 

~ TI 
82 Pb 
83 Bi 
84 Po 
87 Fr 
88Ra 
89 Ae 
90 Th 
91 Pa 
92 U 
93 Np 
94 Pu 

I Value obtained at S3°K. 
• Single-crystal datu. 
I Value obt.nined at OO°K. 

y X 10- ' 
(kg/em') 

(0.0170)' 
0.120 
0 .387 ±0.OO5 
0 . 196' 
0.306 
0 .332 
0 .387 

(0.4.3)' 
0.348 

(0 .155)' 
0.573 
0 .586 
0.6-14 
0.664 
0.748 

(0. 77)' 
0.182 

(0 .86)' 
lAO ±O.Ol 
1.85 ±0.07 
4.05 ±0 . 10 
4.7 ±0 .2 

(5.50)' 
5.38 
1.74 
0 .794 ±O .OO8 
0 .279'" 
0 .081 
0 .160 
0 .348 

(0.26) ' 
(0.O l7)' 
(0 .16)' 
(0.35) ' 
0 .76 ±O .O-I 

(1.02)' 
1.00 ±O . 1O 
1.02 
0.9S4 

'Estimated value; sec text for further discussion. 
• Value obtained at 273°K. 
I See text for fur Iller discussion. 

Ref. 

3 
3,21 
33 
21 
21 
21 

21 

21 
21 
21 
21 
21 

21 

34,35 
3, 16,25 
3, 16, 24, 36, 37 
38 

3,16 
3,16 
3,9, 16,39 
7 
3 
3 
3 

3,4,40 

4,41 
42 
43 

• Extrapolated from high-pressure data of Voronov et al." to zero pressure. 
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FIG. 1. Young's modulus of tbe elements of the fourth, fifth, and sixth periods of the 
Periodic Table. Open points are estimated vul""s. 

in many of their physical properties and in their alloying behaviors. 
Although the values for the elements ill the second and thll'd periods .are 
not shown in Fig. I, Young 's modulus increases as one proceeds from lith­
ium to beryllium to boron (or sodium to magnesium to aluminum) and 
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FIG. 2. (a) Young's modulus of the rnre-earth metals. (b) Shear modulus of the rare­
earth metals. (c) The ratio of Young'. modulus to the shear modulus of the rare-carth 
metals. Open points are estimated vulues. 

decreases on going from silicon to sulfur, in a manner similar to that 
shown for the corrcsponding clements of the fourth , fifth, and sixth periods. 

The variation of Young's modulus for the rare earths lanthanum 
(atomic number 57) through lutetium (atomic number 71) is shown in 
Fig. 20.. The points for lanthanwn, samarium, and ytterbium were ignored 
in drawing the straight line. The value for ytterbium is low because that 
element is divalent in th(' melallic statc while the other rare earths are 
normally trivalent in the metallic state; but there seems to be no simple 
explanation for the lesser deviations of the values for lanthanum and 
samarium. 

Seie1liulII. Although the value listed here for Young's modulus for 
selenium appears to be reasonable when compared with the data shown 
in Fig. 1, if one uses it and the bulk modulus given in Table V, which 
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also appears to be reasonable, to calculate Poisson's ratio, a negative value 
for Poisson's ratio is obtained. This indicates that one or both values a,'e 
probably incorrect. If the relationships between the four elastic properties 
are valid, then in order to make the data compatible, assuming that all 
of the discrepancy does not lie in the bulk modulus, the correct Young's 
modulus value for selenium must be less than 0.591 X 10' kg/ em', the 
value given in Table I. 

Estimated Data. As will be shown later in 8ection 22 and in Table XIX, 
the ratio of Young's modulus to the shear modulus , Y/ I', is very nearly 
a constant and therefore may be quite reliably estimated for elements 
for which this ratio is unknown. This rutio and the value for the bulk 
modulus (experimental or estimated value) may be used to calculate the 
estimated value of Young's modulus by means of the following equation: 

Y = [9 - 3{Y/I')]B, (3.1) 

which is obtained by simple algebra from Eqs. (ILl) and (11.2). The 
bulk modulus was used in the calculations since it has been determined 
experimentally for more elements than any of the other elastic properties. 
Furthermore, because of this reason it was felt that unknown values of 
the bulk modulus could be better estimated from the periodic relationships 
of the elements (see Section 6). The estimnted values of Young's modulus 
for white, red, and black phosphorus, arsenic , rubidium, strontium, and 
cesium were calculated by using the experimental value of the bulk modulus 
(Table V) and the estimated value of Y /1' Cfable XIX); and for techne­
tium, osmium, polonium, francium, radium, actiniulll, and protactinium 
by using the estimated values of both the bulk modulus and 1'/ 1'. The 
estimated values of Young's modulus for promethium, thulium, and 
lutetium ""ere estimated from the plot shown in Fig. 2a. The value for 
europium was estimated to be equal to the mean value for barium and 
ytterbium, since europium is also knml'll to be di"alent in the metallic 
state"; thus these three elements arc respecti\'cly the initial, end, and 
middle members of the divalent 4f series." 

U Europium and ytterbium bave been considered to be divnlent because most of their 
physical properties, !luch as the atomic volumcs, metallic rndii, meltiJlg and hOllin,:; 
points, heats of !!ublimation, comprcssibiliti{'s, nnd c()('fficipnts of expansion are more 
like those of the alk3IinC-f'a.rth metnlE-. calcium, strolltium, Olld barium, than those 
of the rar<Harth m" tuls. Thi. is confirmed by magnetic data, which indicate that 
europium hilS a 41' configuration and ytterbium n -tia configuration; in both instancrs 
this leaves only two <'iC'ctrons rcmniniJl~ bcyo:ld the xenon core, Bud prcsumaIJJy they 
arc in the 6s2 state. Thus, since uarium has a -11"682 configuration, these tbn:'C clemf'nts 
are the lirst (bnrium), mid (europium), and cud (yttcruium) memuc," of the divalellt 
4J transition RCri('S. Ynlu('s for most of the above-mentioned propcrtics nrc ~ivcn in 
the following scdion~; those whi r·h arc not may he round in K. A. Csrhnciducr, Jr., 
"Rarc Enrth Alloys," pp. 3-66. Van Noetrnlld, Princeton, New Jersey, 19(H. 
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4. SHEAR MODULUS 

The shcur modulus is also known as the torsion modulus and modulus 
of rigidity. The va lues of the shear moduli are listed in Table II Rnd 
are shown in Fig. 3 for the elements of the fourth, fifth, and sixth p~riods 
of the Periodic Table. The shear modulus varies between 0.13 X 10' 
kg/em~ for potassium and 4.6 X 10' kg/ em' for diamond. The estimated 
value for francium, however, indicates that the lower limit should be 
extended to 0.0063 X 10' kg/ em'. The shcur modulus, like Young's 
modulus, has a marked dependence on the electronic configuration of the 
element (Fig. 3). The similar shape of Figs. 1 and 3 is not surprising since 
y ~ 2.61' (see Section 22 and Table XIX). The maximulll value of the 

shear modulus encountered in a given period is associated with the clements 
having the maximum number of unpaired d electrons. The minimum 
ncar the ~nd of each period occurs for the elements that have an s'p' 
configuratIOn. The anomalous behavior of the fourth-period clements as 
compared with those in the fifth and sixth periods is again evident. The 
behavior of the clements in the second and third periods is similar to that 
of their cogeners in the fourth through sixth period; e.g., the shear modulus 
increases as one proceeds from the alkali metals to the alkaline-earth 
metals to the group IlIA elements. 

The variation in the shear modulus for the rare earths is shown in Fig. 
2b. The point for ytterbium was ignored in drawing the straight line. 
The value for ytterbium is low because ytterbiwu is divalent." 

Boron, Selenium, Ruthenitlm, and Rhenium. Ko experimental values 
of the shear modulus exist for boron, selenium, ruthenium, and rhenium. 
However, from the experimental values of the bulk modulus (Table V) 
and Young's modulus (Table I) it was possible to calculate the shear 
modulus. For boron, ruthenium, and rhenium reasonable values were 
obtained for both the shear modulus and Poisson's ratio. For selenium, 
on the other hand, a negative value was obtained for Poisson's ratio 
!ndicating t,hat the calculated value for the shear modulus is probabl; 
Incorrcct. 1 hel'cfore, the value for selenium given here was estimated 
(see below). 

Estimated Data. From an estimated value of the ratio of Young's 
modulus to the shear modulus (sec Section 22 and Table XIX) nnd the 
known values of Young's modulus, the estimated shear modulus was 
calculated for scandium, selenium, and neptunium. f'ince Youn"'s modulus 
for selenium is probably too large (see Section 3), the estin~ated shear 
modulus is probably too large also. The estimated shear moduli for white, 
red, and black phosphorus, arsenic, rubidium, strontium, technetium, 
cesium, osmium. poloniulll, francium, radium. actinium, and P"otactinium 
are based both on estimated values of Young's modulus and on the ratio Y / 1'. 
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TABLE II. SHEAR MODULl'S TABLE II. SHEAR MOD ULUS-Continued 

"X 10- ' " X 10-' 
Elenlent (kg/ em') Ref. Element (kg/em') Ref. 

3 Li 0 .0-1310
.' 1 55 C. (0.0006)- -

4Be 1.46 ±O .O-I 2,3 56 Ba 0 .050 6 
5B 2.07' - 57 La 0 . 152 17 
6 C(g) 0.0332 ±O .OOOO 4 58 Ce(a) 0 .085- 25 
6 C (d) 4 .6 ±1.0' 5 58 Ce(')') 0.122 17 

II Na 0.035',d I 59 Pr 0 .138 17 
12 Mg 0 . 177 6 60 Nd 0 . I4S 17 
13 AI 0 .271 ±0 .001 7,S,9 61 Pm (0.17)- -
14 Si 0.405 6 62 Sm 0.129 17 
15 pew) (O.O IS) · - 63 Eu (0.060)- -
15 Per) (0 .073)- - 64 Gd 0.227 17 
15 PCb) (0 .115) ' - 65 Tb 0 .233 17 
16 S(r) 0 .0737' 5 66 Dy 0 .259 17 
19 K 0.013'·d I 67 Ho 0.272 17 
20 Ca 0 .075 6 68 Er 0 .302 17 
21 Sc (0 .319)' - 69 Tm (0.31)- -
22 Ti 0 .401 ±0 .005 2,10 70 Yb 0 .071 17 
23 V 0.474 ±O .OOI 2,11 71 Lu (0.345)- -
24 Cr 1.19' 12 72 Hf 0.540 6 
25 Mn 0 .78 6 73 Ta 0 .700 6 
26 Fe 0 .831 ±O .ooo 8,13 74 W 1.56 ±0.0·1 14, 19, 26, 27 
27 Co 0 .779 13 75 Re 1.82' -
28 Ni 0 .765 13 76 Os (2.14)- -
29 Cu 0.400 ±0.015 7,8,14 77 Ir 2 .14 6,14 
30 Zn 0.379 6 78 Pt 0 .622 7 
31 Ga 0 .3826.1 15 79 Au 0 .281 ±0 .003 7,8,14 
32 Ge 0.40 6 80 Hg 0 . 10"2-·' 5 
33AB (0.149)- - SI TI 0 .028 6 
34Se (0 .2'21)- - 82 Pb 0 .055 28 
37 Rb (0 .0102 )- - 83 Bi 0 .131 6 
38 Sr (0 .0533)- - 84 Po (0.097)- -
39 Y 0.263 ±O .OO-I 16,17 87 Fr (0.0003)' -
40 Zr 0 .348 ±0 .008 2,18, 19 88Ra (0 .061)' -
41 Nb 0.382 ±O.OOI 2,20 89 Ac (0 .138)- -
42 Mo 1.18 21 90 Th 0 .284 ±0 .002 2,29 
43 To (1.45)- - 91 p" (0 .398) - -
44 Ru 1 .63' - 92U 0.75 ±O .O·I 2,30 
45 Rh 1 .50 ±0 ,03 6,14 

I 
93 Np (0.406)- -

46 Pd 0 .52 1 7 I 94 Pu 0.446 31 
47 Ag 0.292 ±O .007 7,14,22 I 

• Value obtained at 3· h:. 
48 Cd 0 .246 6 I 

I • Single-crystal data. 49 In 0 .038 6 
50 Sn(g) O. ISN 23 ' Calculated from Young's modulus and the bulk modulus. 

50 Sn(",) 0 .208 6 • Value obtruned at nOOK . 

51 Sb 0 .20-1 24 I 
• Estimated value; see text (or further discussion. 

52 Te 0 . 157 24 I Value obtained at ~73'K 

I 
• E:'<trapolaled from high-pressure data of Voronov eI al." to zero pressure. 
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The estimated shear moduli for promethium, thulium, and lutetium 
were estimated from the straight line show1I in Fig. 2b. The estimated 
value for europium was assumed to be equal to the mean value of barium 
and ytterbium, because europium is the mid-member of the divalent 4/ 
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FIG. 3. Shear modulus of the .lements of the fourth, fifth, and sixth periods oC tbe 
Periodic Table. Open points are estimated values. 

series and barium and ytterbium are, respectively, the first and last mem­
bers of this series." 

5. POISSON'S RATIO 

The values of Poisson's ratio are listed in Table III, and are shown 
in Fig. 4 for all the elements. Koster and Franz" recently reviewed this 
subject quite thoroughly. 

The minimum and maximum values for Poisson's ratio are zero and 
0.5. It was noted more than a century ago that Poisson's ratio is appro~ i­

mately a constant for most materials; the standard textbooks usually 
give a value of 1 for this constant. Examjnation of Table III shows that 
the minimum value experimentally determined is 0.039 for beryllium and 
the maximum is 0.40 for indium and thallium. The estimated values all 
lie within this range. The mean value of Poisson's ratio for the tH I'xperi­
mental values is 0.301 ±0.079. The standard deviation is equivalent to 
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TABLE III. POISSON'S RATIO TABLE III. POISSON'S RATlo-Continued 

Element IT Ret Element IT Ref. 

3 Li 0 .362<' ,' I 

4 Be 0.039 ±0 .01l 2,3 57 La 0.288 17 

5B 0.089' - 58 Ce(a) 0 . 14' 22 

6 C(g) 0.27 ±0 .06 4 58 Ce(-y) 0 .24.8 17 

6 C(d) O. IS ±O.OS' 5 59 Pr 0.305 17 

11 Na 0 .315',' 1 60 Nd 0.306 17 

12 Mg 0.2S 6 61 Pm (0.278)- -
13 Al 0 .3-1 ±0.01 7,8,9 62 Sm 0,352 17 

14 Si 0.44 6 63 Eu (0 ,286)- -
15 P(w, r, b) (0 ,335)- - 64 ad 0.259 17 

16 S(r) 0 ,34.3' 5 65 Tb 0.261 17 

19 K 0.35',' 1 66 Dy 0 .243 17 

20 Ca 0 ,31 6 67 Ho 0 ,255 17 

21 Se (0.269)- - 6S Er 0,238 17 

22 Ti 0.34.5 ±0,OO5 2,10 69 Tm (0.235)- -
23 V 0.36 2 70 Yb 0,264 17 

24 Cr 0 .2Q9l 11 71 Lu (0.233)- -
25 Mn 0 .24 6 72 Hf 0,30 6 

26 Fe 0,279 ±0,013 7,9,12,13 73 Ta 0 ,35 9 

27 Co 0.334. 13 74 W 0 .284 ±0.OO4 9,23,24,25 

28 Ni 0.30 ±0.01 12,13 75 Re 0 .293' -
29 Cu 0 ,345 ±0 ,OO5 7,9 76 Os (0.285)- -
3OZo 0.29 14 77 Ir 0,26 9 

31 Ga 0.23S'J 15 78 Pt 0 .38 ±0 .01 9,12 

32 Ge 0.27 6 79 Au 0.425 ±0 .010 7,9,12 

33 No (0.335)- - 80 Hg 0 ,3640
" S 

34.Se (0.338)- - 81 TI 0.46 6 

37 Rb (0.356)- - 82 Pb 0.44 12 

38 Sr (0 ,30-1.)- - 83 Bi 0.33 12 

39 Y 0 .258 ±0.OO8 16, 17 84. Po (0.338)- -
4.0 Zr 0 ,34 2,18 87 Fr (0 ,356)- -
41 Nb 0 ,35 ±0.03 2,19 88& (0 .30-1.)- -
42 Mo 0 .30 9 89 Ac (0,269)- -
43 Tc (0.293)' - 90 Th 0.285 ±0 ,015 2,26 

44 Ru 0 .286' - 91 Pa (0,282)' -
45 Rh 0 .27 9 92U 0.245 ±0.OO5 2,27 

46 Pd 0.375 ±0 .015 9,12 93 NP (0.255)- -
47 Ag 0 .37 9,12 94 Pu 0.15 28 

48 Cd 0,30 12 
49 In 0 .46 6 • Value obtained at S3°Ie 

50 So(g) 0.42 20 • Single-crystal data, 

50 Sn (w) 0 .33 12 • Calculated from Young's modulus and bulk modulus. 

51 Sb 0 ,31 ±0 ,06' - • Value obtained at OooK 

52 Te 0 .33 21 • Estimated value; see text. for further discussion. 

55 Cs (0.356)' - I Value obtained at 273°1\:. 

56Ba 0 ,28 6 ' Calculated from the three moduli; sec text for further details, 
A Extrapolated from high-pressure data of Voronov et a/," to zero pressure, 

,-
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Geneva, 1955 \'01. 9, p . H . Columbia Univ. Press, Kew York, 10.;6. 
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Massachusctt~, 1953. 
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and R. E. Tate, ill uR"r. ~lctlLls Handbook" (C. A. Hampel, cd.), 2nd cd., p. 336. 
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an error of ±2G.2% from the mean. The mean value for the 19 estimated 
values is 0.300, which indicates that if the estimated values were included, 
the over-all mean value for Poisson's ratio would not changc. These data 
suggest that it might be more accurate to use it- for the mean value of 
Poisson's ratio for the metals rathcr than t. 

Examination of Fig. 4 shows that the value of Poisson's ratio for a 
given element depends on the element's position in the Periodic Table. 
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Group 

FIG. 4. Poisson's ratio of all of the elements considered in this review with the excep­
tion or the rarc-eurlh metal •. Open points are estimated values. The horizontal dllshed 
line represents the Olean value for th""e elements. 

For example, the values of Poisson's ratio exceed the mean value for the 
alkali metals; for the group IVA, VA, VD, and VIB clements; for nickel , 
palladium, and platinum; and for the noble metals. For the group lilA, 
VIA, and VIlA metals, and iron, ruthenium , and osmium, Poisson's 
ratio is less than the mean; and for the alkaline-carth metals and group 
IIB metals it is approximately equal to the mean. 

The variation of Poisson's ratio for the rare earths is shown in Fig .. 5a. 
The point for ytterbium was ignored in drawing the straight line through 
the solid points. Thc dtita show considerably more scatter herc than the 
corresponding plots of Young's modulus or the shear modulus (Figs. 2a 
and 2b, respectively) for these metals. The scatter may be emphasized by 
the expanded scale in Fig. 5a. Howcver, the ratio Y / /10 (Fig. 2c), which is 
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(0) Poisson's rolio 

0.40rr-r-r-r-r-r-r-r-r-r-r-r-r-r-" 

0.35 • 

bO'30:~" • 0 0 • 

• • 
0.25 • • 0 

0.20 

(b) Bulk modulu. 
0.5·,:;.---.--..-.-.--.--.-.--.--........ r-r-ln . .... 

• 
0.1 '-L-;5S~.l......60;!;:,-...L.-;!6';;2....L..,6!;;4--'--c6~6,..,;68o-'----;7!;;0-LJ 

La Ce Pr Nd Pm Sm Eu Gd Tb Oy Ho E, Tm Yb Lu 
Alomic number 

FlO. 5. (a) Poisson'. ratio of the rare-earth metals. (b) Bulk modulus of the rare­
earth metals. Open points arc estimated values. 

directly related to Poisson's ratio, also shows more scatter than does 
either Young 's modulus or the shear modulus. 

Brrro1t, Ruthenium, and Rhenium. Since no experimental value exists 
for Poisson's ratio for boron, ruthenium, and rhenium, this ratio was 
calculated from the experimental values of Young's and the bulk moduli. 
The values so obtained appear to be reasonable. 

Antimony. No experimental value exists for Poisson's ratio for anti­
mony, but from the experimental values of Young's, the shear, and the 
bulk moduli three different values for Poisson's ratio \\'erc calculated. By 
using Young's and the shear moduli, a value of 0.3il was obtained; by 
using Young's and the bulk moduli, 0.284 "'as obtained; and by using 
the shear and the bulk moduli, 0.2ii was obtained. A mean value of 
0.31 ±O.OG was thus chosen to represent Poisson's ratio for antimony. 
This situation clearly iIIustmtes the difficulties involved when the elastic 
properties are not measured on the same sample. 

- -- = 
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Selenium. Since Poisson's ratio has not been experimentally determined 
for selenium, an attempt was made to calculate it by using the experi­
mental values of Young's modulus and the bulk modulus and Eq. (11.2), 
which gave a value of -0.562. This negative value indicates that possibly 
Young's modulus or the bulk modulus or both are in error. This situation, 
and that as noted with antimony, clearly shows that elastic properties 
should be measured on the same specimen if one uses these data to calculate 
the remaining one or two elastic properties. The value for selenium given 
herein has been estimated (see below) . 

Estimated Data. As noted earlier, the mtio of Young's modulus to the 
shear modulus, YI p. (see Section 22 and Table XIX), is nearly a constant 
for aU materials, the mean value being 2.GO. By simple algebra Eq. (Il.l) 
can be rewritten as 

YIp. = 2(1 + u). (5.1) 

This indicates that Poisson's ratio, u, and the ratio YI p. nre essentially 
the same quantity. HowcYer, since the data for most of the values of 
Poisson's ratio, Young's modulus, and the shear modulus have been meas­
ured independently and directly, the value of the ratio YIp. gives ns an 
independent check on the measured value of Poisson's ratio. Thus the 
estimated values of Poisson's ratio given in Table III are the average 
values obtained by estinmting both Poisson's ratio (see below) and the 
ratio YIp. (see Section 22). 

It was mentioned above that the value of Poisson's ratio is dependent 
on the atomic stmcture (Fig. 4). Thus, instead of assuming a value of 
0.301 for those elements for which Poisson's ratio is unknown, an average 
value for each group W!IS assumed to be a better estimate. The mean 
value of Poisson's ratio of antinlony and bismuth was assumed for phos­
phorus and arsenic; the mean value of yttrium and lanthanum, for scan­
dium and actinium; the mean of rhombohedml sulfur and tellurium for 
selenium and polonium; the mean of lithium, sodium, and potassium 
for rubidium, cesium, :wd francium ; the mean of calcium and barium; 
for strontium and radium; the mean of molybdenum and ruthenium, for 
technetium; the mean 01 barium and ytterbium, for europium"; the mean 
of ruthenium and iron. for osmimn; the menn of thorium and uranium 
for protactinium; and !.be value of neptunium was assumed to vc idC'ntical 
with that of uranium. The values of the rare earths, promethium, thulium, 
and lutetium, were estimated from the straight line shown in Fig. 5a: 
Sincfl these latter three "alues were averaged with the u values calculated 
from the estimated Y/,. values (Eq. (5.1» to give the "best" estimated 
value, the open points for promethium, thulium, and lutetium do not lie 
on the straight line shO'lrn in Fig. 5a. 

..;<. 
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6. COMPRESSIBILITY (BULK MODULUS) 

The compressibility, which is the reciprocal of the bulk modulus, 
has been measured more extensively than has any other elastic property. 
Over 90% of the values listed ill Tables IV and V arc. based on. the ~x­
tensive work of Bridgman. Bridgmau's data were carned to qUite hIgh 
pressures (especially for his day), which were sufficient to determine the 
pressure dependence of the compressibility. Bridgman's ea.rly work was 
conveniently summarized as analytical fits of the expcTlmental data, 
usually of the form 

AV/V = aP + bP' (6.1) 

where AV /V is the compression for a given pressure P (in kg/em'), and 
a and b are constants fitted to the experimental data. The isothermal 
compressibility at zero pressure is given by a, and the pressure dependence 
of the compressibility is given by b. Bridgman's later data, however, 
were not fitted to an expression such as Eq. (6 .1 ); instead, the AV / V 
values were tabulated for a number of convenient pressures. 

All of the data given by Bridgman are relative to the compressibiHty 
of iron, which he measured absolutely. In the late 1930's aud early 1940's 
he redetermined the compr2ssibility of ironlH6 and found that the older 
values were incorrect, especially the value of the b term in Eq. (6.1) . 
Unfortunately, considerable confusion has arisen regardi.ng the redeter­
mination, and therefore an attempt will be made here to claTlfy the sItuatIon. 

In 1940 Bridgmanl' published a papcr in which he noted that the 
absolute compressibility of iron previously used was incorrect. He expressed 
the revised data for iron in terms of AI/ l rather than A V / V: 

AI/l = -1.942 X 10-' P + 0.23 X 10-12 P'. (6.2) 

Slater I' who had derived an expression for the Griineisen constant (see 
Sectio~ 28) based only on the a and b constants of Eq. (6.1). needed to 
know the revised values of a and b. Therefore, from the data given by 
Bridgman,., Slater17 found that 

-(1,,0. = -aold + 0.04 X 10- ', (6.3a) 

and 
bno• = bOld - 1.30 X 10-1 •• (6.3b) 

In 1946 Bridgmanl' reviewed the recent developments in the high-pressure 

.. P. W. Bridgman, Pllys. Re •. 57, 235 (1940). 
to P . W. Bridgmnn, Rru .. \fod. Phys. 18, 23 (1946). 
I' P. W. Bridgman, "Physics of High Pressure," pp. 416-4 17. Bell, London, 1949. 
II J . C. Slater, PhV" Rev. 57, 744 (1940). 
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field. Therein, he gave the revised compressibility for iron as 

t. V /V = -5.826 X 10- 7 P + 0.80 X 10-" P', (6.4) 

and furthermore he pointed out that the data published prior to 1940 
must be corrected by using the following relations: 

-au. = -aold + 0.033 X 10-', (6.5a) 
and 

bo •• = bOld - 1.56 X 10-12 - (0.022 X 1O-')aold. (6.5b) 

A comparison of Eqs. (6.3a) and (6.3b) with Eqs. (6.5a) and (6.5b) 
reveals that the value suggested by Slater for correcting the a parameter 
is alIhost the same as that given by Bridgman, but that the corrections 
for the b parameter are quite different. Since Bridgman's and Slater's 
corrections are based on the same measurements, it is difficult to see ~hy 
this discrepancy arose. Neither Bridgman's articlesl •. I• nor his bookl' give 
further clues whieh migh~ shed some light on this discrepancy. Perhaps 
Bridgman found another error in his measurements before 1940 which 
he did not discuss. In any event, since only Bridgman had intimate knowl­
edge of his experimental techniques, it is felt that his values for correcting 
aold and bOld are probably correct. Fortunately, almost all of the data 
Bridgman obtained for the pure elements prior to 1 9~0 were redetermined. 
The only exceptions are boron, red phOSDhorus vanadium, chromium, 
nickel. and hafOlum .. j<'or these six elements Eqs. (6.5a) ana (6.5b) \vm-e 
used to convcrt aold and "-Id into ane• and bno •• 

It is also unfortunate that Bridgman's book,I' which was reprinted in 
1949, contains a tabulation of the old a and b values for a large number of 
elements, but no remark was made to warn the reader that they, especially 
the b values, are incorrect. Examination of the literature indicates that 
most authors are not aWAre of this. 

For the above reasons and because almost all the compressibility 
data published by B ridgman an9F lQ4Q Q~9 R112 iIQ ble-Gll~ItbWar...LoJ:m., 

and not as analytical fit, I' all of Bridgman's data for tbe elements bave 
been reduced to an equation of the £Pm! 

t.V/V = aP + bP' + cP' +'" (6.6) 

by the method of least squares. In most instances only the first two terms 
of Eq. (6.6) were ne=sary to obtain a satisfactory fit. The elements 
which required more thDon two tcrms to fit the experimental data are, 

I' P. W. Bridgman, "Phy.a of High Pressure." Bell, London, 1 !}.j9. 
" J. J . Gilvarry filled Bridr;m3n's datn for Li, Nu, AI, K, Mn, Ub, Mo, C., Ta, and Au 

to an equation of the form of Eq. 6.0. In some instances more terms containing po ..... ers 
higher than P' ... er. rrquired (J . Chtrn. Phy •. 23, 19"..5 (1955)) . 

~- ... ..~." ... ' 
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TABLE IV. ISOTHERMAL CoYl'RESSlBILlTY 

c.> 
1-' 8 

",VIV, - oP + bi>' + cpa Pres.~ure range 
p X 10' 

[; Element -a X 10' b X 10" -c X 10" "X 10' (kg/em') Ref. 
I, . 

3 Li 84.83 158.0 2 .936" (HO 1 
4 Be 9.772 · 3.921 0.99 0-40 2 i ~ 
5 B 5.48' 0.64' 0-12 3 
6 C(g) 29.01 30.50 1.36 0-25 4 

6 C(d) 1.80 0-30 5 ~ 
11 ~" 141.9 373.4 7 .390- 0-40 1 t' 
11 Nil 145 .9" 381 d 5.1' 0-20 6 

~ 
12 Mg 27.68 13. 2 0.56 0-30 7 

Cl 
13 Al 13.59 4.86·1 0 .27 0-:10 8 en 

9.924 2.442 0 .23 0-30 8 
(") 

H Si 2 15 P(w) 209 0-0.5 9 tol 
15 P(r) 51.13' 100.4' 1.86 0-12 10 a 
15 P(b) 32.23 25 .66 4.402 0-40 11 Z 

tol 
16 S(r1)- 100. 8- 204.9- 1.64- 11.34 0-50 12 .:0 
1G S(r) 55.()I 13 

~ 19 K 308.7 1870 7l.40· 0-40 
20 Ca 64.51 74.36 0.46 6.62 0-40 14 

$c.. 22 Ti 9 .328 2 .358 1.85 0-30 8 
2:1 V 6.057' 1.02b 0-12 10 
2~ Cr 5.154' 0 .63' 0-12 10 
25 Mn 16.44 8.125 15 .97 0-100 11 

26 Fe 5.826 0.798 2.69 0-30 8, 15, 16 

27 Co 5.122 0.473 0 .22 0-30 8 
28 Ni 5.26'·- 0.540 .• 0-12 17 
29 Cu 7.400 2.018 0.08 0-30 8, 18 
30 Zn 16 .39 7.575 0.76 0-30 8 

31 Ga 17.2/. ' 19 
32 no . : 70 3.588 0.22 0-30 8 
33 As 24.89 28.11 0 .00 0-25 4 

,..;,.. 34 Be 107.8 193.9 1.38 4.01 o-SO 12 l ' 
37 Rb 311.9 1524 39.87' 0-40 
38 Sr 84.48 111.2 18.74 0-25 14 
39 Y 26.79 14.22 7.60 0-40 

..., 
5 tI: 

40 Zr 11. 77 4.484 2.10 0-40 2 0< en 
41 l\b 5.76l- 0.886- 0 . 19 0-30 8 () 

1(..1 42 Mo 3.598 0.158 0 .10 0-30 8 ~ 
44 llu 3.057 -0 .821 0.16 0-30 8 ~ 45 Hh 3.626 0 .180 0 .07 0-30 8 0 
40 Pd 5.423- 2.358- 0 . 15 0-15 8 

..., 
tol 

47 Ag 9.740 0.330 0 .50 0-30 8 '" ·18 Cd 20.98 12 .20 1.13 0-25 4,20 ~ 
4~ In 23.87- 12.90- 1.01 0-50 12 '" 
50 Sn(g) 8.83 21 ~ 
SO Sn(w) 18 .10 8.259 0.46 0-30 8 0 

51 Sb 25.62 lG . 19 1.21 0-30 8 , 
.... z 

"1- 52 Te 42.60 38.38 2.91 0-30 ' 8 ~ 
55 C. 483.3 4226 221.11 0-20 '" '" 56 Da 95.2 92.4 0 0- 17 14 tol 

t' 
57 La 40.37 M.88 1.86 0- 23.4 2 .. 
58 Cc(a) -.' -,' 76.0 7.72- 100 2, 11 ::1 

0 
58 Cc(.,.) 40.97- -94.()()o 4.53- 0 .98 0-7.72 2 Z en 
59 Pr 32.08 13.03 38.15 0-40 2 !5 
f~) Nd 30.02 15.W 5.22 0-40 2 '"" C; f1' 62 

en 
'm 33.36 18.57 6 .51 0- 10 22 

63 Eu 66.63 45.76 15.85 0- 12.4 23 
r.:I6d 25.59 14 .08 0 .85 O....JO 24 
65 Tb 24.6 25 
fiG Dy 25.52 1:3. 14 3 .50 0-40 22 c.> 

0 
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TABLE IV. ISOTHERMAL COMPRESSIBII.J.Ty-Continued c.> 
0 

"" 
6V/V. = aP + bP' + Cpr Pressure Ta.nge h 

P X 10' 
~ Element -a X·IO' b X 10" -c X 10" "X 10' (kg/em') Ref. 
ii 

07 Ho 24.72 . 12 .35 - 4.30 040 22 :~ 
l 68 Er 23 .88 11.37 - 2.02 040 22 :i 
i 69 Tm 24.71 13.03 - 3.88 0-40 22 

E 
:, 

70 Yb 73.93 60.66 - 12.44 040 22 
71 Lu 23.85 12 .03 - 1.62 040 22 t' 

I 
72 Hf 8.98' 0.81' - - 0-12 26 ~ 
73 Tn 4.89' 0.235' 0 .06 0-30 8 

" 74 W 3.034 -0.0897 - 0 . 17 0-30 8 '" (') 

OS~ 2.04 - - - 0-30 5 ;I: 

2.76 1 0.4 1 - 0 0-10 8 z 
77 Ir tol 
78 Pt 3.523 0 .0893 - 0.09 0-30 8 t; 

~~ 
5.664 0.805 - 0.07 0-30 8 z 

~ tol 
0 <. 34 . 7~ - - - - 27 .:0 

~ 81 '1'1 27 .30 IG .20 - 0.79 0-25 4,20 ;a 
82 Pb 22.82 9.319 - 0.18 0-30 5 

Vo 83Bi 31.16 25.55 - 2.44 0-20 12,20 
90 Th 18.07 9.906 - 3.12 0-30 8 
92· U 9.9~G 4.626 - 0.73 040 2 
9·1 Pu 18.3 12.2 - - O-'tO 28 

• Tl,e remaining terms of this fit are : d = 1.12 X 10 ... ·,. = 1.00 X 10 ... ·, and f = -1.48 X 10-"; see Gilvarry' and Ref. 29. 
• The original data as given in the reference cited was corrected Il.S suggested by Bridgman,lI.n Ii 
• The remaining terms of this fit nre: d = 1.21 X 10-", • = 5.56 X 10 .... , f = -1.54 X 10-", and g = 1.38 X 10- "; see GiJvnrry' f' and Ref. 29. 

~. 

• 
~ Swenson (private communication, 19(3) noted sn error in the press calibration and thus the values given in Beecroft and Swenson' 

arc incorrect. The correct values are listed here . 
• Sec text for further discussion. 

, I Single-crystal data. 
I The rcmrlining terms of this fit arc: d = 2.34 X 10""", < = 7.99 X IO-",J = -2.02 X 10 ..... , g = -1.24 X 10-", h = 3.55 X 10-", 

Bnd ; = -3.03 X 10-"; sec Gilvnrry' nnd Ref. 29. .... • Valli. obtained nt 273'K. :I; 

• The remaining terms of this fit are: d =: 7.57 X 10"""', e = -2.81 X IO-",J = 1.64 X 10 .... , g = -5.42 X IO-n, and h ~ 5.20 X >< 
'" 10-1'f ; sec Gilvurryt nod !ler. 29. n 

I The remnilling term or this fit is: d = 4.38 X 10-11; see Gilvarry' nnd Ref. 29. ~ 
, • The nnnlytical eXl'ressioll for a-Ce is 61'/V - -0.1706 - 37.4 X 10-' (P - p.) + 22.8 X 10-11 (P - Po)', where P, = 7720 .... 

" I kg/em', ovcr the runge 7720 to 100,000 kg/em'. 0 
1 At higher r;rcssu,e. compre"';bility increases with increasing pressure, for the range 0 to 30,000 kg/em', a = -2.721 X 10-', b ~ 

.... 
tol . -0.02.'iD X 10-" and" = 0.07 . " -l 

~ 
• Solid mc;cury. M 

'" 
~ 
'" :;a 
-l 
tol 

" " tol 

" 
t' .. 
-l 
(3 
Z 
'" :z: 
:;; 
'" 

c.> 
0 
c.> 



304 KAnL A. GSCHNElDNEn, JR. 

RE"ERENCES TO TABLE IV 

1. J. J. Oilvarry, J. Chem. Phys. 23,1925 (1955); calculated from data given by P. W . 
Bridgman, Daedal"s 76,71 (194 ). 

2. P. W. Bridgman, Daedalus 76,71 (1 948). 
3. P. W. Bridgman, Daedalus 64, 51 (1929). 
4. P. W. Bridgman, Daedalus 76, 9 (1945). 
5. P. W. Bridgman, Daedalus 84, III (1955). 
6. R. I. Beecroft and C. A. Swenson, Pity •. Cham. Solids 18, 329 (1961). 
7. P. W. Bridgman, Daedalus 76, 89 1194R). 
8. P. W. Bridgman, Daedalus 77, 187 (1949). 
9. T. W. Richard., J. Am. Cltelll. Soc. 37, 1643 (1915). 

10. P. W. Bridgman, D«edalus 62, 207 (1927). 
11. P. W. Bridgmnn, Daedalus 76, 55 (1948). 
12. P. W. Bridgman, Daedalus 74, 21 (1940). 
13. H . B. Huntington, Solid State Phys. 7, 213 (1958). 
14. P. W. Bridgman, Daedalus 74, 425 (1942). 
15. P. W. Bridgman, Rev. Mod. Phys. 18, 23 (1946). 
16. P. W. Bridgman, Phys. Rev. 67, 235 (1940). 

'\ (0 17. P. W. Bridgman, Daeda/u. 68, 166 (1923). 
18. P. W. Bridgman, Daedalus 84, 131 (195n. 
19. N. A. Roughton and N. C. Kosh, John Carroll Univ. Rept., AD-285, 626 (Jon., 

1963); abstrac ted in Solid State Abair. 4, 27 (1963). 
20. P. W. Bridgman, Daedalus 84, 1 (1955). 
21. P. J. Reddy and S. V. Subrahmanyam, Nulure 186, 29 (1960). 
22. P. W. Bridgman, Daedalus 83, 1 (1954). 
23. F. H. Spedding, J. J . Hannk, ,md A. H. Daano, Trans. A/ME 212,379 (1958). 
24. P. W. Bridgman, Daedalus 82, S3 (HJ53). 
25. J. F . Smith, C. E. Carlson, and F. H. Spedding, Trans. ABlE 209, 212 (1957). 
26. P . W. Bridgman, Daedalus 63, 347 (1928). 
27. F . Birch, in "Handbook of Physical COIl.lnnts" (F. Birch, J. F. Schairer, and H. C. 

Spicer, eds.), p. 39. Geol. Soc. Am., Kcw York, 1942. 
28. P . W. Bridgmnn, J. l lppl. Pily •. 30,214 (1959). 
29. Only the first two constants were listed in Gilvarryl; the remainder were graciously 

furnished by J . J. Gilvarry. Further details concernillg these fils arc given in 
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in general, the more compressible ones. The standard deviation of a fit was 
taken as an indication of its accuracy. That is, if the two-parameter fit 
had a lower standard deviation than the three-parameter fit, the two­
parameter fit was chosen to represent the data. The fits for the alkali 
metals were kindly furnished by Dr. J. J . Gilvarry of General Dynamics/ 
Astronautics. 

The compressibility constants, the standard deviation of the fit, the 
pressure range, and references arc ginn in Table IV. Slater17 has pointed 
out that the ratio of bf a' is approximately equal to 2.5 for most substances, 
and thus it would appear possible to estimate the b term for those sub­
stances for which only a is known. This point is discussed later in Section 
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Xl' = X8 + --c;:- , 
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(6.7) 

wbere a is the linear coefficient of expansion (sec Table VI), T is the tem­
perature in OK, V is tbe atomic volume (Table VII) and Cp is the heat 
capacity at constant pressure. In general the second term on the right­
hand side of Eq. (6.7) is quite small, usually slightly less than 1 % of the 
value of X8 . 

Sulfur. In Tables IV and V two different values are given for rhombIC 
sulfur. In Table IV, the values for the a parameters differ by a factor of 
almost 2. (The x values in Table V are identical with the a values in Table 
IV.) The smaller value (55.0) was obtained from single-crystal measure­
ments on orthorhombic (''rhombic'') sulfur using Voigt's method to obtain 
the bulk adiabatic compressibility. This bulk value was converted to the 
isothermal compressibility by using Eq. (6.7). The larger value was 
obtained by Bridgman on a crystalline form of sulfur which he stated 
had been crystallized from a carbon disulfide solution. Usually sulfur 
obtained in this manner is rhomhic sulfur, but since Bridgman did not 
give further details, one cannot be absolutely certain that his compressi­
bility data listed in Tables IV and V arc for rhombic sulfur. For this 
reason the question mark was placed after the identification of the clement 
and its modification. Since the two compressibilitics listed in these tables 
differ by a factor of almost 2, and since one of the values is known to hu\'c 
been measured on rhombic sulfur, it would appear that Bridgman's data 
for sulfur are for a modification other than rhombic sulfur. 

Nickel. Bridgman's latest results'· for nickel show a cusp at 10,500 
kg/em' in the 61' /V versus pressure curve. By using his data points for 
pressures less than 10,500 kg/em', a very unrealistic value for the b parnm-

.. P. W. Bridgman, DaedallU 77, 187 (1949). 
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eter was obtained (15 X 10-"), and a value somewhat too large for the 
a parameter (6.29 X 10-'). Pl"imarily because of the unrealistic b value, 
these data were felt to be erroneous. The data used in this compilation 
were Bridgman's pre-Ul40 data," which were then corrected as outlined 
above. 

Niobium. Bridgman'" found considerable hysteresis between the 6 V /1' 
values obtained on increasing pressure and those obtained on decreasing 
pressure. The data given in Tables IV and V are based on the increasing 
pressure values only. 

Palladium. Bridgman'" found a cusp in the 6 V /V versus pressure 
measurements at a pressure of 16,500 kg/ em'. Because of this, only the 
data given up to 15,000 kg/ em' were used in obtaining the data given in 
Tables IV and V. 

Indium. Bridgman has reported compressibility data for indium on 
four different occasions."-" The earliest results" differ considerably from 
the latter three measurements,"-" which are in substantial agreement 
with each other. Since the former results" are in better agreement with 
tbe shock wave data from indium," the compressibility data given in 
that paper were chosen for this compilation. 

a and ,,(-Cerium. Bridgman's compressibi lity data"'" for a- and ,,(-cerium 
indicate that the "( -+ a transformation occurs substantially above the 
presently accepted value of 7720 kg/em' at 298°K,29-34 (See Section 1 

tI P. W. Bridgman, Daedallls 58, 166 (l923). 
.. P . W. Bridgman, Daedalus 74, 21 ( 1 9~0). 

II P. W. BridgmaD, Daedalus 76, I (1945). 
.. P. W. Bridgman, Daedalus 76, 9 (945) . 
.. P. W. Bridgman, Daedalus 84, I (l955) . 
.. M. H. Rice, n. G. McQueen, and J. M. Walsh, Solid State Phys. 6, J (1958). 
" P. W. Bridgman, Daedalu. 76, 55 {I 948). 
liP. W. Bridgman, Daedalu. 76, 71 (1~8). 

II P. W. BridgJllan, Dacdalu. 62, 2JJ (1927). 
ao P. "W . Bridgman, Daedalua 79, H9 (1951). 
" 1\1. G. Gonikbcrg, G. P . Shakhovskoi. and V. P . Butuzov, Zh. Fit. Khim. 31, 350 

(1957). 
at A. I. Likhtcr, Yu. N. Ryabinin, and L. F. Vereshchagin, Zh. Eksperim. i Teor . Fit,. 33, 

SIO (1957). 
u It. Horman nnd C. A. Swenson. J . Chem. Phy •. 29, 398 (1958). 
.. E. G. Ponyntonski, Dokl .• Had . /liauk SSSR 120, 10'21 (1958). 
.. L. D. Livshits, Yu. S. Gcnsh.ft, nnd Yu. N. Rynbinin. Fiz. Metal. i MetaUoved. 9, 725 

(1960). 
.. R. J. Ucccroft and C. A. Swcn. on. Phy • . Chem . Solid. 15, 234 (1960). 
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f~r. a description of t~e a- and ,,(-cerium phases.) Therefore, the compressi­
bility data of ,,(-Ce given by Bridgman"'" were fitted to Eq. (6.6) up to a 
maximum pressure of 7i20 kg/em', rather than to the transformation 
pressure which he gave. The volume change at the "( -+ a transformation 
7720 kg/em', was taken to be 13.0%.,,·30.34 The compressibility data fo; 
a-Ce were then extrapolated back to 7720 kg/em', so that the 6 V / \' 
point for a-Ce was 13.0% larger than the Il ~'/V point for 'Y-Ce at this 
trallSformation pressure. Because of these modifications of Bridgman's 
data, care should be exercised in using the cerium data tabulated in Tables 
IV and V. 

Tantalum. Bridgman" gave two sets of compressibility data for tanta­
lum. One specimen was reported to be 99.9% pure and the second 09.950/, 
pure. In his paper, however, Bridgman indicated that he believed tha~ 
the data for the 90.0% specimen were more reliable, and for this reason 
the parameters given herein are based on his 99.9% pure specimen. 

Estimated a and b Values. The data listed in Table IV are for expcri­
~entally measured values only. For seven elements only the a parameter 
18 known, and for eleven others none of the compressibiLity parameters 
are known. The derivation of the estimated .a parameter is described later 
in this section and that of the estimated b parameter is given in Section 
24. For convenience, these estimated values are listed below: 

a b 

Diamond 1.80 X 10-1 (0.076) X 10-" 
White phosphorus 209 (1.39) 
Rhombic sulfur 100.8 (197 . ) 
Scandium (17.1) (S.43) 
Gallium 17 .2 (6.80) 
Technetium (3.30) (0 .238) 
Gray tin 8.83 (1 .83) 
Promethium (27.8) (13.2) 
Terbium (24.6) (11.4) 
Rhenium 2 .64 (0.153) 
Osmium (2.35) (0.121 ) 

M ercury 34.7 (33.7) 
Polonium (37) (26.6) 
Francium (500) (4600) 
Radium (74.1) (84.6) 
Actinium (40) (35 .5) 
Protactinium (13) (5.02) 
Neptunium (14 .4) (S.16) 

Table V. The isothermal compressibility as the pressure approachl'S 
the limit of zero is given in Table V and is taken directly from the a param­
eter in Table IV. The bulk modulus given in Table V is the reciprocal 

-
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TABLE V. CoMPRESSIBILITY (x) AT ZERO P RESSURE AND TilE BULK MODULUS (B)- I TABLE V. COMPR£SSmILlTY (x) AT ZERO PRESSURE AND THE 

I BULK MODULUS (B)~Con'inllccl 

X X 10' B X 10- ' 
Element (cm'/kg) (kg/cm') x X 10' B X 10-' 

Element (cm'/kg) (kg/ em') 

3Li 84 .83 0 .118 57 La 40 .37 
4Bc 9 .772 1.023 

0 .2477 

5B 5 .48 1.82 
58 Ce(a) 37.4'" 0.267,·1 

6 C(g) 29 .01 0 .3-147 
58 Ce (1') 40.97' 0 .2441' 

6 C(d) 1.80 5 .56 
59 Pr 32 .08 0.3117 

11 Na 143 .9 ±2 .O> 0 .06949 
60 Nd 30 .02 0 .3331 

12 JI1g 27 .68 0 .3613 
61 Pm (27 .8)' (0.360)' 

13 AI 13.59 0 .7358 
62 Sm 33 .36 0 .2998 

14 Si 9.924 1.008 
63 Eu 66 .63 0 . 1501 

15 P(w) 209 0 .0478 
64 Gd 25 .59 0 .3908 

15 P(r) 51.13 0.1956 
65 Tb 24 .6 0.407 

15 P(b) 32.23 0.3103 
66 Dy 25 .52 0.3918 

16 S(r?)' 100 .8' 0 .0992' 
67 Ho 24.72 0.4045 

16 S(r) 55 .0 0.182 
68 Er 23 .88 0 .4188 

19 K 308.7 0.0324 69 Tm 24 .71 0.4047 

20 Cn 64 .51 0 . 1550 
70 Yb 73 .93 0 .1353 

21 Sc' (17.1)'" (0.584)',' 71 Lu 23 .85 0 .4193 

22Ti 9 .328 1.072 72 Hf 8 .98 1.11 

23 V 6 .057 1.651 73 Ta 4 .89' 2 .04' 

24 Cr 5 .154 1 .940 74 W 3 .034 3 .296 

25 Mn 16 .44 0.6083 75 Re 2.64 3.79 

26 Fe 5.826 1.716 76 Os (2 .35)' (4.26)' 

27 Co 5 .122 1.952 77 Ir 2 .76 3 .62 

28 Ni 5.26' 1.90< 78 Pt 3 .523 2.838 

29Cu 7.490 1.335 79 Au 5 .664 1.766 

30 Zn 16.39 0 .6101 80 Hg '34.7' 0 .288-

31 Gn 17.2' 0 .5SO' 81 TI 27 _30 0 .3663 

32 Ge 12 .70 0 .7874 82 Pb 22 .82 0.4382 

33 AD 24.89 0.4018 83 Bi 31.16 0 .3209 

34Se 107.8 0 .09276 84 Po (37)' (0.27)' 

37 Ilb 311 .9 0 .03206 87 Fr (500)' (0.020)' 

38 Sr 84.48 0 . 1184 88Ra (74.1)' (0.135)4 

39 Y 26 .79 0 .3733 89 Ac (40)' (0.25)' 

40 Zr 11. 77 0 .8496 90 Th 18 .07 0 .5534 

41 Nb 5 .761' 1.73G- 91 Pa (13)' (0 .78)' 

42 Mo 3 .598 2 .779 92U 9 .926 1.007 

43 Tc (3 .30)' (3 .03)4 93 Np (14.4)' (0.694)' 

44 Ilu 3 .057 3 .271 94 Pu 18 .3 0 .546 

45 Rh 3 .626 2 .758 
46 Pd 5 .423' 1.844' - References for tbe compressibillty values are given in Table IV. 
47 Ag 9 .740 1.027 • Mean value of the two entries cited in Table IV. 
48 Cd 20 .98 0,4706 ' See text for Curther discussion. 
49 In 23 .87' 0.4189' • Estimated value; see text Cor further discussion. 
50 Sn (g) 8 .83 1.13 ' Value obtained at 273°K. 
50 Sn (w) 18 .10 0 .5525 1 Tbis value corresponds 10 the compressibility or bulk modulus L.t 7720 kg/em', the 
51 Sb 25 .62 0 .3903 pressure nt which a-Co is Cormed Crom 1'-Ce. 
52 Te 42 .60 0.2347 • Value Cor solid mercury_ 

55 Co 483 .3 0 .02069 • Nole added in proof: C_ E. Monfort, III, and C. A. Swenson Cound the comp .... ssi-

56 Ba 95 .2 0.105 bility of Sc to be 22.5 X 10- ' cm'/kg and B = 0.4<14 X J()' kg/cm' (Phy •. Chen>. Solid., 
to be published). 
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FIG. 6. Bulk modulus of the elements of the fourth, firth, and sixth periods of the 
Periodic Table. Open points are estimated value •. 

of the isothermal compressibility as the pressure approaches zero. Also 
included in Table V are the estimated values for the elcments for which 
these two quantities are unknown. 

The bulk modulus for the fourth , fifth. and sixth periods is shown in 
Fig. 6. The general trend as one proceeds across one period is similar to that 
noted for Young's modulus and the shear modulus. The one anomaly, 
which is very evident, is that manganese has a much smaller bulk modulus 
than its ncighbors. The bulk modulus for the rare-earth serics of metals 
is shown in Fig. 5b. It is evident that a smooth curve can be drawn through 
the data points if the data points for cerium, samarium, europium, and 
ytterbium are ignored. The low values for europium and ytterbium a~e 
not surprising since these metals are divalent." The value for ceTium 15 

probably anomalous because cerium undergoes a p?lymo~phic transition 
at moderately low pressures-at ii20 kg/ em'. 1 here IS no apparent 
explanation for samarium's anomalous behavior . . 

PHYSICAL PROPERTIES AND INTERRELATIONSHIPS 311 

Estimated Data. Of the four elastic properties the bulk modulus (or 
compressibility) has been determined for more elements than any of the 
remaining three. Because of this, the bulk modulus was estimated using 
various extrapolation and interpolation techniques based on the periodic 
nature of the physical properties of the elements. From the estimated and 
experimental bulk moduli the other elastic properties were then estimated 
by making use of the interrelationships among these properties, as described 
earlier in Sections 3-5. 

From the variation of the bulk modulus with the group number in 
the Periodic Table (Fig. 6) the bulk modulus was estimated for technetium 
and osmitim. If one assumes that the bulk modulus increases between 
molybdenum and technetium at the same rate that it does between tungsten 
and rhenium, then an estimated value of 3.10 X 10' kg/ em' is obtained 
for technetium. The mean value of the bulk moduli of molybdenum and 
ruthenium leads to another estimated value for thc bulk modulus of techne­
tium, 3.02 X 10-'. These two values, when averaged with a third esti­
mated value (see below), give the final estimated value shown in Table V. 
The percent increase technique was also used to obtain one of the esti­
mated values for osmium; in this instance the percent increase between 
iridium and osmium W!1S assumed to be identical to that betwccn rhodium 
and ruthenium . The bulk modulus for promethium was estimated from 
the plot shown in Fig. 5b for the rare-earth metals . The value for pro-

70 r--..,---r--r--..., 

60 

100L---~-----L----~--~0.4 

FlO. 7. Bulk modulus versus the cohesive encrl!:Y of the alkali and alkalin~arth molal •. 
and the calcogeos. Open points are cstimated values. 
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FIG. 8. Bulk modulus versus the cohesive energy of a number of transition mctnl •. 
Opcn points are estimntcd values. 

tactinium was assumed to be equal to the mean value of thorium and 
uraniU111. 

Examination of the values of a number of physical properties indicated 
that the cohesive energy or the heat of sublimation (see Sections 11 and 
12 and Table XII) has roughly a one-to-one correspondence to the bulk 
modulus. That is, if the bulk modulus is small, the cohesive energy is 
small; and when the former is large, the latler is also large. Unfortunately 
this correspondence is not exactly the same for all the elements in the 
Periodic Table, although it does appear to be the same for a ll elements 
in each group. This is shown in Figs. 7 and 8. In Fig. 7 it is seen that 
alkali and alkaline-earth metals seem to have the same slope; i.e., their 
bulk moduli arc related to their cohesive energies by a constant value. 
This type of relationship is seen in Fig. 8, where it holds for chromium, 
molybdcllum, and tungsten, and for cobalt, rhodium, and iridium. Assum­
ing that this type of relationship holds for the other groups, it is possible 
to obtain the slope if both the cohesive energy and the bulk modulus are 
known for only two clements in a given group. Thus the bulk moduli 
for technetium, osmium, polonium, francium, radium, and actinium have 
been estimated from their known or estimated cohesive energies (sec 
Table XlI). The value shown for technetium in Fig. 8 is the final esti-

-
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mated value chosen for this element, not the value derived from this 
plot. 

The values for scandium and neptunium were calculated from the 
experimental value of Young's modulus and the estimated value of Y / Il 
by use of Eq. (3.1). 

Selenium. As has been mentioned in Sections 3-5, the bulk modulus 
for selenium is probably incorrect. If one were to shift the experimental 
value for selenium, as shown in Fig. 7, so that it falls on the curve estab­
lished by rhombic sulfur and tellurium, a much larger bulk modulus would 
be obtained. By using this value of the bulk modulus, reasonable values 
for the compressibility, Young's modulus, the shear modulus, and Poisson 's 
ratio are obtained. Since this is quite speculative, this point will not be 
discussed further. 

III. Coefficient of Thermal Expansion 

The linear coefficients of thcrmal expansion at 29B°I{ (25°C) are listed 
in Table VI for all the elements, and are shown for the elements in the 
fourth, fifth, and sixth periods of the Periodic Table in Fig. 9 and for the 
rare earths in Fig. 10. The values of the coefficient of expansion given 
herein for the non cubic clements are average values. In a few instances 
the values for the various crystallographic directions of a noncubic crystal 
have been givcn in the literature. Such data were avcraged by the usual 
techniques to obtain an average value for the thermal expansion. Most 
of the values listed here are based on measurements of polycrystalline 
bulk material. In some instances values based on X-ray measurcments 
are given as the best values for the thermal expansion; these data arc 
identified in Table VI by a footnote. 

The experimcntal values of the coefficient of thermal expansion vary 
between a minimum value of 1.19 X 10- ' for diamond and a maximum of 
124.5 X 10- 6 for white phosphorus. The estimated values also lie well 
within this range. 

In Fig. 9 it is noted that the coefficients of thermal expansion when 
plotted as a function of atomic number show a behavior which is approxi­
mately the opposite of that shown by Young's, the shear, and the bulk 
moduli (Figs. 1, 3, and 6) , the melting and boiling points (Figs. 12 und 
15), and the cohesive energy (Fig. 17). The coefficient of expansion is 
very large for the alkali metals but it dccreases rapidly as onc procecJs 
through the alkalinc-carth and group IIL\ metals. The minimum vahH' 
for each period is attained in the clement which has the s'd4 configuration, 
i.e., chromium, molybdenum, and tungstcn. As one proceeds bcyond thesc 
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TABLE VI. J~INEAR COEFFICIENT OF THERMAL EXPANSION 
TABLE VI. LINEAR COEFFlCIENT OF TUERMAL EXPANSION-Colltin ued 

a X 10' 
aX 10' Element (OC- I) Ref. 

Element (OC-I ) Ref. 
52 Te W .77 ±0.03 4,5,6 

3 Li 45 1 55 Cs 97 1,3,4 
4 Be n .5 2,3 56 Ba IS.8 ±0 .8 5,25 
5 B 8 .3 3,4,5 57 La 10.4- 12 
6 C(g) 3 .8 ±3 . 1 4,5,6 58 Ce('Y) S .5 26 
6 C(d) 1.19 ±0 .01 5,6 59 Pc 6 .79- 12 

11 Na 70.6 ±0 .6 1,4,5 60 Nd 9.98- 12 
12 Mg 25 .7 ±0 .7 1,5,6 61 Pm (9 .0)' 
13 Al 23 . 1 ±0.5 1,7,8,9 62 Sm 10.4 27 
14 Si 3 .07 ±0 .07° 10, n 63 Eu 33.1- 12 
15 P(w) 124 .5 ±0 .5 4,6 64 Gd 8 .28-·' 12 
15 P(r) (66.5)' 65 Tb 10.3° 12 
16 S(r) 64.1 ±O.I 4,6 66 Dy 10 .0- 12 
16 S(m) (63)' 67 Ho 10 . 7" 12 
19 K 83.0 1,4 68 Er 12 .3- 12 
20 Ca 22 .4 ±0 .1 1,4 69 Tm 13 .3- 12 
21 Sc 10 .0- 12 70 Yb 24 .96 ±0 .D4 12,26 
22Ti 8.35 ±0 . 15 13 71 Lu 8 . 12" 12 
23 V 8.3 14 72 Hf 6 .01 ±0 . 16 3, 19,28,29 
24 Cr 8 .4' 15 73 TB 6 .55 ±0.05 1,4,20,29 
25 Mn 22 .6 ±0 .3 16 74 W 4.59 ±0 .03 1,4,29,30 
26 Fe 11 .7 1,4,8 75 Re 6 .63 ±0 .06 1,4,31 
27 Co 12 .4 1,5,6 76 Os 4 .7 ±0.1 1,4 
28 Ni 12 .7 ±0.2 1,6,8 77 Ir 6.63 ±0.12 1,4, 5 
29 Cu 16 .7 ±0 .3 1,4,5,6,8 78 Pt 8 .95 ±0.05 1,4,6,25 
30 Zn 29.7 1 79 Au 14 .1±0.1 I, 4, 5, 25, 32 
31 Ga 18 . 1 ±0 .2 1,3,4 80 Hg 611 1,25 
32 Go 5 .75 7 81 TI 29 . 4 ±1.0 1,4,5,6 
33 As 4.28 ±0,42 4,6 82 Pb 29 .0 ±0 .3 I, 4, 5, 25, 33 
34 Se 36 .9 ±0 . 1 4,6 83 Bi 13 .41 ±0 .09 4,5,6,25 
37 Rb 88 . 1 ±1.9 4,6 84 Po 23 .0 ±1.5 34 
38 Sr 20 17 87 Fr (102.)' 
39 Y 12 .0- 12 88 Ii .. (20 .2)' 
40 Zr 5 .78 ±0 .07 18, 19 89 Ac (14 .9)' 
41 Nb 7 .07 ±0 .05 1,20,21 90 Th 11.2 ±0.4 35 
42 1\10 4 .98 ±0 . IS 1,4,6,22 91 Pa (7 .3)' 
43 Tc (8 .06)' 92U 12.6 ±0 . 4 1,36 
44 Ru 9 .36 ±0 .27 4,6 93 Np 27.5 37 
45 Rh 8 .40 ±O . IO 1,4,6 94 Pu 55 38 
46 Pd 11.5 ±0.4. 1,4,6 
47 Ag 19 .2 ±0 .4 1,4,5,6,8 • X.ray data. 
48 Cd 30 .6 ±1.3 1,4,5,6 • Estimated value; see text for further discussion. 
49 In 31.4 ±l .4 1,4,5 c See text for details conccming the derivation of this value. 
50 Sn (g) 5 .3' 23 4 Y nlue at 215°K. 
50 Sn(w) 21.2- 24 • Value at 3Gl oK; see l<!xt for more details. 
51 Sb 10.9 1,6 I Value for solid mercury at ita melting point, 234°K. 
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FlO. 9. Linear coefficient of thermnl expansion of the clements of the fourth, fi ft h, nnd 
sixth periods of tbe Periodic Table. Open points are estimnted values. 

elements the coefficient of expansion increascs, slowly !1t first, reaching a 
maximum at approximately the configuration s'd'·, i.e., zinc and its cog(·n('f~. 
AIl one moves further along in the rcspective periods, another minimulII 
is reachcd when the p level is hall fIl led, i.c., at arsenic, antimony, and 



318 KARL A. GSCHNEIDNER, JR. 

(0) Coefficient of thermol expansIon 
40~~~.-.-.-.-~r-r-~",,-" 

30 

"G 
!.. 20 
Q 

K 

a 

28 

26 

a 
0. 24 

~ 
-; 22 
g 
~ 20 

18 
eeCa) • 

• 

• 

• 
. . 

• • • 

• 

• 

• 

16LL~5L8-L~OO~~6~2-L~6~4-L~~~~6~8~~7~0~ 
La C. Pr Nd PmSmEu Gd Tb Oy Ho Er TmYb Lu 

Atomic number 

FIG. 10. (a) Linear coefficient of thermal expansion of the rare-<larth metal •. (b) 
Atomic volume of the rare-earth metals. Open points are estimated value •. 

bismuth. The anomalous behavior of manganese is evident. The variation 
of the coefficient of expansion with atomic number for the rare earths 
(Fig. lOa) is quite normal. The large values for europium and ytterbium 
are, as noted earlier, a manifestation of their divalent character as opposed 
to the normally trivalent rare earths." 

Chromium. The literature value given for the coefficient of thermal 
expansion of chromium is about 3 X LO- , (OC-') at 298°I{ (25°C). Be­
cause of the paramagnctiL~antiferroma.gnetic transition at about 310

0
K 

(37°C), this coefl'cient is much lower in the region between about 2IJOOI( 
and 3aO°I( (17 °C and 57°C) than it is below :.ISooK (7°C) and above 
3400K (67 °C). In order to obtain a value which is not affected by this 
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magnetic ordering, the values of the coefficient of thermal expansion well 
below the magnetic transition temperature have been connected by a 
straight line with those well above this transition in a plot of the coefficient 
of thermal expansion versus the temperature. The coefficient of expan~ion 
given in this review was estimated from the interpolated line at 298°K. It 
is noted that this value is almost three times as large as the experimentally 
determined value. The reviewer, however, believes that it is more repre­
sentative of chromium when one is not concerned with its magnetic 
properties. 

Examination of the elastic properties given by Bolef and de I~lerk" 
indicates that these properties are only slightly affected (about 3% at 
the most) by the magnetic transition in chromium. This is compared with 
a factor of about S for the thermal expansion coefficient. Because of the 
small variation of the elastic properties, no attempt was made to correct 
them for this magnetic transition. 

Gadolinium. As does chromium, gadolinium undergoes a magnetic 
transition near room temperature. At 289°l( (16°C) gadolinium undergoes 
a paramagnetic-ferromagnetic transition. Because of the strong influence 
of magnetic transitions on the coefficient of thermal expansion, the X-ray 
value given by Spedding et al.'o at 361°K (88°C) is considered to be repre­
sentative of the coefficient of expansion of gadolinium at 298°I{ (25°C) 
uninfluenced by the magnetic transition. 

Estimated Data. Most of the estimated values of the coefficient of 
thermal expansion are based on the relationship between the coefficient 
and the melting point (sec Section 25) . The product of the coefficient of 
expansion, a , and the melting point, T, for red phosphorus is assumed to 
be the same as it is for white phosphorus (aT = 0.0395); for monoclinic 
sulfur, the same as rhombic sulfur (0.0248); for technetium, radium, and 
actinium, the same as the average value for the face-centered cubic, 
body-centered cubic, and hexagonal closest-packed metals (0.019i); and 
for protactinium, the same as the mean for gallium, indium, white tin, 
mercury, and uraniulll (0.0123). The product of a and T for the alkali 
metals increases with increasing atomic number , and for that reason the 
value of aT for francium (0.0304) was obtained by extrapolation from 
the values for lowcr-atomie-number alkali metals. By using this value of 
aT the coefficient of expansion is estimated to be 102 X 10- 1 (OC-I ) . 
The value for promethium was estimated from the straight line in a plot 
of the coefficient of expansion versus the atomic number of the rarc-carth 
metals (Fig. lOa). 

It D. J. Bolef nnd J . de Klcrk, Phys. Rev. 129, 1063 (I9G3) . 
to F. H. Spedding, J . J . HllWIk, and A. H. Daane, J. u.s-Co",moll Mtlals 3,110 (1961). 
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TABLE VII. ATo,uc VOLUME' ' The atomic volumes were calculated from the lattice constanta of tbe elements '''' 
listed by Pearson! unless otherwise noted. 

• Calculated from X-ray density given by Du Mond el al"' for tbe .. -(rhombohedmll-
Atomic volume Atomic volume boron modification. 

Element (cm'/g·at) Element (cm'/g-at) , Calculated from the lattice constants given by Hodgman.' 
, C,,{culnted from the p),cnomelric density given by Hodgman.' 

20"59 
• Atomic volumes as given by Gschneidncr.· 

3 Li 13.02 50 Sn(g) I Calculntcd from Inttice constants given by Lam el al.' 
4 Be 4.891 50 Sn(w) 16.30 , Atomic volume given by Gschneidner el al.' 
5 B 4.388' 51 Sb 18.21 , Estimated value; see text for further discussion. 
6 C(g) 5 " 260' 52 Te 20046 

6 C(d) 3.39i' 55 Cs 69. 19 References for Table VII 
11 Na 23.79 56 Bn 38.08 

12 Mg 14 .00 57 La 22.54' L W". R Pearson, "Handbook of Lattice Spacings and Structures of Melals." Pergamon 

13 Al 10.00 58 Ce( .. ) 17 "03 Pross, New York, 1958" 

14 Si 12.07 58 Ceh) 20.69' 2. J " W. ~1" Du Mond, R R" Cohen, A. G" ZlIcNish, J. R Palm, K Lonsdale, llnd O. D. 
15 P(w) 13 "96 59 Pr 20.82' Rieck, in "Internatio",,1 Tubles for X-Ray Cry.tnllogrnphy, III, Physical and 

15 P(r) 13.1S' 60 Nd 20.59' Chemical Tables," p. 39" Kynoch, Birmingham, England, 1962. 
15 P(b) 11.51' 61 Pm (20.33)' 3. C. D. Hodgman, ed", "Handbook of Chemistry and Physics," 43rd ed. Chern. Rubber. 

16 S(r) 17 Al 62 Sm 19.95' PubL Co"' Clevelnncl, Ohio, 1961-1962. 

16 S(m) 16 "36' 63 Eu 28.98' 4. Ie A. Osebneidner, Jr., "Rare Earth Alloys." Van Nostrand, Princeton, New Jersey, 

19 K 45.61 64 Gd 19.94' 100L 

20 Ca 26.19 65 Tb 19.26' 5" Ie A. Gschneidncr, Jr., R 0" Elliott and R R" McDonald, Phys. Chun. Solids 23, 

21 Sc 15.06' 66 Dy IS.9ll· 555 (1962)" 

22 Ti 12.01 67 lIo 18.75' 6. D. J . Lam, J. R D8/by. J r., J . W" Downey, and L. J . Norton, Nature 192, 744 (1001). 

23 V 8.365 68 Er 18.46' 

24 Cr 7 "231 691'm 18"13' 

25 Mn 7 .357 70 Yb 24.87' ; IV. Atomic Volume 

26 Fe 7 "094 71 Lu 17 .77' 

27 Co 6.689 12m 13.45 The atomic volume is used in many calcull\tio"ns" involving' solid state _ 
28 Ni 6.593 73 Tn 10.80 

physics and physical metallurgy and, therefore, it is"one of t1ie mOl:e im'por-" . 
29 Cu 7 "114 74W 9.551 

30 Zn 9"165 75 Rc 8.860 tant quantities. In this compilation the atomic volume was needed to 

31 On 11.81 76 Os 8.441 calculate the heat capacity at constant volume (Section 15), the Debye 

32 Ge 13 "64 77 Ir 8.524 temperature from the Lindomann equation (Section 17), the Leibfricd 
33 As 12.00 78 Pt 9.094 and Bragg numbers (Section 26), the Grlineiscn constant (Section 28) 
34 Se 16.43 79 Au 10 "22 and the size fn.ctor (Section 29). 
37 Rb 56"07 80 Hg 14.09 

38 Sr 33.93 81 1'1 17.22 The atomie volume (Table VII) was calculated from the lattice con-

39 Y 19.88' 82 Pb IS"27 stant(s) of the pure clement, except for the three phosphorus and two 

40 Zr 14.0'1 83Bi 21. 33 sulIur a llotropes. For these five substances the atomic volume was obtained 
41 Nb 10.83 84 Po 22.53 

I by dividing the atomic weight by the pycnollletric density. 
42 Mo 9"387 87 Fr (73.0)' 

The variation of the atomic volume with the atomic numOOr for the 
43 Te 8"635' 88 Ra (3S.8)1 

I elements of the fourth, fifth. and sixth periods of the Periodic Table an' 
44 Ru S "1 78 89 Ac 22.56 

45 Rh 8.292 90 Th 19.79 shown in Fig. 11 . It is seen that the atomic volume decreases smoothly 
91 Pa 15.03 I 

as one proceeds from the a lkali metals to about the location where the 46 Pd 8"S79 I 

47 Ag 10.27 92 U 13.16 cl level is slightly more tban half filled, after which the volume incrc:\'~s 
48 Cd 13.00 93 Np 13.11 I as o ne approaches thc end of the period. As mentioned in earlier discus-
49 In 15.73 94 Pu 12.06 

sions concerning the variation of some of these properties as a function of 
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FlO. 11. Atomic volume of the clements of the fourth. fifth. and sixth periods of the 
Periodic Table. 

a.tomic number, the elements in the fourth period a.ppear to ?el:ave slig.htly 
difTerently from those in the fifth and sixth periods. 1:hlS IS e~peclally 
evident for the atomic volumes of manganese, iron, cobalt. and nt~kcl. 

The atomic volumcs of the ral'c-carth metals are shown JIJ FIg. lOb. 
It is noted that the atomic volumes decreasc in a smooth fashtOn With 
increasing atomic number except for cerium, europium, and yt.tcrbJUll1. 
The large anomalous values for the atomic volumes of eUl'OplUlll and 
ytterbium reflect the divalent nature of thl'se two metalti. The anomaly 
at ceriwll is probably due to the tendency of ceriulll to become tetravalent." 
The atomic volumes fo r both or-Ce (thc normal 1'001l1-telllpc~'aturc face­
centered cubic form) und a-Ce (the low-temperaturc or IJigh-pre~sul'e 
denser face-centcred cubic form) arc !.ho\\'n in Fig. lOb. The large dlffer-

.. K. A. Cschneidner. Jr. alld H. Smoluchowski. J. uu-Common Metals. 6, 374 (1963). 
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ence in volumc (17.7%) between these two phases is immediately evident 
in this plot. The cusp at gadolinium, which is quite obvious in this plot. 
is found in ulmost all of the plots of the lattice parameter (which is directly 
related to the volume) versus atomic number ... · .. 

The a.tomic volume varies between 3.397 cm3/ g-at for diamond anti 
69.19 cm'/g-at for eesium if one considers only the measured or cxperi­
mental values. However, the estimated value for francium, 73 cm'/ g-at, 
is even larger than that of cesium. 

Estimated Data. The atomic volumes of promethium, francium, and 
radium were estimated from plots of the atomic volume versus the atomie 
number of the rare-earth , alkali, and alkaline-earth metals, respectively. 
The first is an interpolated value and the latter two arc extrapolated 
estimates. 

V. Melting Point and Heat af Fusion 

7. INTERNATIONAL PRACTICAL TEMPERATURE SCALE 

The international practical temperature scale was first recommended 
in 1927 by the Internutional Committee on Weights and .Measures, and 
since then has been universally accepted. In 1948 this scale was revised 
and in 1060 the text of the 19-18 agreement was revised, which resulted 
in a few minor changes in the 19-18 scale. These changes included the uddi­
tion of indium as a secondary fixed point, the deletion of aptimony, the 
rcvision of the melting points of tin, cadmium, and zinc, and the chunge 
of the melting point of zinc from a secondary fixed point to a fundumental 
and primary fixed point. The data in Table VIII reflect the 1060 revisions, 
except for the standards thnt have transition temperatures below the 
mercury point. The low-temperature standards were omitted, since Table 
YIII is intcnded to show only those elements which have been designated 
as practical tempcrature standards from the clements which are con­
sidered in this review. 

At the time the 1927 international practicul temperature scale wns 
adopted, it was in very close agreement with the thermodynamic srale. 
Because of improvements in determining the thermodynamic scale, the 
difference betwccn these scales is now measurable and significunt. At th!' 
zinc and sulfur points 0.07° must be added to the internutionul practil'al 

U K. A. C.chneidner. Jr .• "Rare Earth Alloy .... p. 10. Van Nostrand, Princcton. l\I'W 

Jersey, J OO!. 
4:1 K. A. Gsc:hn('idncr, Jr., in "Progr('Rs in the Science and Technology of the Rarc 

Earths," Vol. 1, p. 22"2. Pergamon Press, New York, 1963 . 

.. 
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TABLE YIn. PRIMARY AND SECONDARY FIXED POINTS OF TUE I NTERNATIONAL 

PRACTICAL TE~IPERATUru! SCALE 

Temperature 

Element (OK) (OC) Pointe Transrormation~ Ref. 

80 Hg 234.28 -38.87 S M 1 

49Iu' 429.76' 156 .61' S M 2 

50 Su' 505.06' 231. 91' S M 1,2 

48 Cd' 594.18' 321.03' S M 1,2 

82 Pb' 600.4' 327.3' S M 1 

80 Bg 629.73 356.58 S B 1 

30 Zn' 692.655' 419.505' P M 1,2 

16 S 717.75 444.60 P B 1 

13 Al 933.2 660.1 S M 1 

47 Ag 1234 .0 960.8 P M 1 

79 Au 1336.2 1063.0 P M 1 

29 Cu 1356 10S3 S M 1 

, 28 Ni 1726 1453 S M 1 

27 Co 1765 1492 S M 1 

46 Pd 1825 1552 S M 1 

78 Pt 204.2 1769 S M 1 

45 Rh 2233 1960 S M 1 

77 Ir 2716 2443 S M 1 

74 W 3653 3380 S M 1 

• The letter P signifies a primary fixed point, and S a secondary fixed po,int. , 
• The letter B signifies a boiling point at 1 atm pressure, and M a melting pomt at 

1 atm. . . I . I 
• Aa a result of the 1960 revision of the text of the 19·18 !nternlltlOnn pracllca 

temperature scrue the melting point of In has been ndded .. a fixed pomt, and the 
melting points of So, Cd, aod lIll hnve been revised. In addi tion, Zn h"" ~n changed 
from 8 secondary fixed point to a primary one.:! See text for further dlseu~elOn. 

'In view of tbe recent result. of ).lcLaren' the melting point of lead Will probably be 
revised, IIleLnren gives GOO.5iu°I( (327..J26°C) for the melling point of lead. 

REFERE"CES TO TABLE Vln 

I. H. F. Stimson, J. Ru. Nat!. Bur. Sid. 42, 209 (19-19). . ' 
2. H. F. Stimson, in IITcmpcraturc, Its ~I(nsuremcnt and ,Control 'rln S~lencc a~~ 

Industry" (C. M. Herzfeld. ed.), Vol. 3, Part I, p. 59. Hemhold, New ~ork, 196_. 
3. E. H. l\IcL3ren, in "Temperature, Its l\I ClJ..8U1'Cm('n~ n.n~ Cont ro.l Ul S('lence :;Id 

Industry (C. :11. Herzfeld, <<I.), Vol. 3, Part 1, p. 185. Rombold, :-<ew York, 196_. 
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temperature scale to make it agree with the thermodynamic scale; at 
the antimony point 0.17° must be added; at the silver point 1.1:30 nl\l~t 

be added; and at the gold point 1.48° must be added.· .... " If these llifTcr­
ences continue to increase with increasing temperature at about the sume 
rate as those mentioned above, then one would expect that the international 
practical temperature scale lies below the thermodynamic temperature 
scale by as much as 25° at the meit.ing point of tungsten. The changes 
cited above, or changes of about this order of magnitude, are expected 
to be made in l!lGG, thus revising the practical temperature scale upwards 
from that given in Table VIII. Other changes, which will probably be 
made in I!lG6 as a result of the excellent work of McLaren,'" are the revision 
of the value for the melting point of lead (see footnote d of Table VIU), 
and the addition of the melting point of bismuth to the list of standards 
(this value is given in Table IX). A value of 273.15° was used to convert 
the temperatures from degrees Kelvin to degrees Centigrade or vice versa. 

8. MELTING POINT 

The melting poiuts of the elements are listed in Table IX and are 
shown for the clements of the fourth , fifth, and sixth periods of the Periodic 
Table in Fig. 12, and for the rare-earth metals in Fig. 13a. The meltiJlg 
point and also the atomic volume are the two properties for which the 
most experimental data are available. For each of these properties experi­
mental data are avilable for i7 clements of the 80 considered in this review. 

The variation of the melting point with the atomic number (Fig. 12) 
is similar to that shown in several of the previous plots (Figs. 1, 3, and 6). 
The alkali metals and those elements near the end of the fourth, fifth, 
and sixth periods have low melting poiuts. A maximum melting point 
occurs in each period for the metals with a s'd' configuration . The minimum 
near the end of each period occurs at or neal' the elements having the 
s'p'd lO configul'l1tion. The anomalous behavior of germanium is probably 
due to its diamond structure as compared with the more normal behavior 
of tin and lead, which have metallic structures. 

The melting points of the rare earths illcrease in a smooth manner 
with increasing atomic number (Fig. 13a). Small deviations from this 
eurve are found for the experimental value of lanthanum, cerium, and 

U H. l\toscr, in IITcmp<'rnture, Its :\Ic1L1iur<'mcnt and Cuntrol in Science and I nuustr.r" 
(C. III. Herzfeld, cd.), Yol. 3, Part. 1, p. 167. Reinhold, New York, 1002 . 

.. Anonymous, ehe",. Eng. Neu;, 41, No.2, 39 (19O:l). 

.. F. G. Brickwcdde, Phy •. Today 16, 1\0. 5, 24 (1963) . 
" Anonymous, .:\nture 191, 1055 (1963). 
41 E. H. l\IcLarcn, 'i'l uTempcrnturc, Its l\.feasuremcut and Control in Science nnd 

Induslry" (C. ;\I. Herzfeld, cd.), Vol. 3, Part I , p. 185. Reinhold, New York, 1902. 

----- -



r------

" 
-.-, .~~~-, , ':.~ " .. • Itta - iii. . ...... - ~ 1 .. - .~ 

t 

326 KARL A. GSCHNEIDXER, JR. TABLE IX. MELTING POINT-Continued 

TABLE IX. MELTING POl~T Melting point 

Melting point Element ('K) ('C) Ref. 

58 Ce 1070 ±3 ill7 ±3 22 
Element ('K) ('C) : Ref. 59 Pr 1208 ±5 935 ±5 22 

60 Nd 1207 ±5 J02~ ±5 22 3 Li 454 ±1 181 ±1 1,2,3 
61 Pm' (1308)',' (1035)',' 22 4 Be 1557 ±1 1284 ±1 4,5,6 
628m 13·15 ±5 1072 ±5 22 5B 2498 ±75 2225 ±75 4,6 
63 Eu 10!)9 ±IO 826 ±10 22 6 C(g) 4100- 3827' 7 
64 Gd 15S5 ±15 1312 ±15 22 11 Na 370 .8 ±0 .3 97.6 ±0 ,3 8,9,10 
65 Tb 1629 ±5 1356 ±5 22 12 I\fg 923 ±1 650 ±1 4,8,9,10 
66 Dy 1680 ±5 H07 ±5 22 13 AI 933.2 660.1 b 
67 Ho 1734 ±5 1461 ±5 22 148i 1685 ±3 1412 ±3 4,8, 11, 12 
68 Er 1770 ±15 I·Hl7 ±15 22 15 P(w)' 317.2 ±O,2 44.0 ±0,2 S, 9,10 '69 Tm 1818 ±5 1545 ±5 2'2 16 S(m)' 392 119 4,8,9,13 
70 Yb 1097 ±5 824 ±5 22 19 K 336,6 ±0 .2 63.4 ±0 .2 8,9 
71 Ln 1925 ±5 1652 ±5 22 20 C" 1112 :1,4 839 ±4 8, 14, 15 
72 Hf 2405 ±30 2222 ±30 4,8,34 21 Se 1812 1539 16 
73 Tn 3271 ±3O 2998 ±30 4,8,24 22 Ti 1941 ±5 1668 ±5 4, S, 17 
74 W 3653 3380 b 23 V 2178 ±14 1905 ±14 4,8,18,19 
75 Re 3433 ±20 3160 ±20 35,36 24 Cr 2148 ±25 1875 ±25 4,8,20 
76 Os 3300 ±18 30'27 ± 18 29, 35 25Mn 1517 ±3 1244 ±3 4,8,21 
77 Ir 2716 2443 b 26 Fe 1808 ±1 1535 ±1 4,8,9,10 
78 Pt 20.12 1760 b 27 Co 1765 1492 b 
79 Au 1336 ,2 1063 .0 b 28 Ni 1726 1453 b 
80 Hg 23-1. 28 -38 .87 b 29 Cu 1356 1083 b 
81 TI 576 ±I 303 ±1 4,8,9, 10 30 Zn 692.655 419,505 b 
82 Pb 600,576' 327,-126' 37 31 Gil 302,8 ±0 . 1 29.6 ±O I 6,8,9 
83Bi 54-1 ,525 271.375 37 3'2 Ge 1209 ±2 936 ±2 4,8,12 
84 Po 519 2~G 38 33 AB 1090' 817' 4,8,9 
87 Fr (297)' (24)' -34 Se 490 217 4,8,9 
88 Ra 973 700 S, 9,10 37 Rb 311.8 ±0 ,3 38,6 ±0 ,3 4,8,9,10 
89 Ae 1323 ±50 1050 ±50 39 38 Sr 10·15 ±2 772 ±2 3,4,9,14 
90 Th 2024 ±4 1751 ±4 4,8,40,41 39 Y 1775 ±7 1502 ±7 22 
91 Pa (1698) • (\425) • -40 Zr 2123 ±5 1850 ±5 23 
92 U 140.1 ±2 1131 ±2 4,8,40,42 41 Nb '2741 ±27 2468 ±27 24,25 
93 Np 910 ± 2 637 ±2 43 42 Mo 2888 ±5 2615 ±5 -1,8,26,27 
9·1 Pu !l13 ±I 6·10 ±1 ~4 43 Te 2443 ±30 2170 ±30 27,28 

44 Rn 2553 ±30 2280 ±30 27,29,30,31 • Yalue obtained by extrapolat.ion of the melting point versus pressure curve to zero 
45 Rh 2233 1960 b pressure. 
46 Pd 1825 1552 b • "ruue taken from Table \111. 
47 Ag 1234 .0 960,8 b , P(r) melts at 868 ±5' J, (595 ±5'C) at -45 atm pressure (Far"') . 
48 Cd 59-1,18 321 .03 b 'S(r) melts at 386'I( (113'C) (Brasted") . 
49 In 429,76 156,61 b , Under 36 ntm pressure. 
50 Sn 505,06 231. 91 b J AntimonyJs melting point was a. SCCOUdIlT,Y fixcU point on the international practical 
51 Sb 903 .61 630 ,5/ 32 temperature senle, but it was deleted in tbe 1960 revision. 
52 Te 722 .8 ±0 .3 440 .6 ±0 .3 8,9 11 Estimnted vallie ; 5('C text for further discussion. 
55 Os 301.8 ±0 ,2 28 ,6 ±O,2 6,8,0,10 • Sec footnot e d of Table nn llnd text. 
56 na 998 ±5 725 ±5 2,15,33 , NOl. added in proof: F. \'"rigel found mrlting point of Pm lo be 1353 ± IO' K 
57 La 1193 ±5 920 ±5 22 (IOSO ± 10' C) [Angew. Ch.m, 75, 451 (J963)J. 
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samarium, and for the estimated value of promethium. The large depar­
tures from this curve for europium and ytterbium again confirm the divalent 
nature of these two metals." 

The melting points arc found to range from 234.28°K (-38.87°C) 
for mercury to 41000K (3827°C) for carbon (graphite). The three esti­
mated values fall well \yithin this range. or the true metallic elements 
tungsten has the highest melting point, 3G33°K (3380°C). The melting 
points for gl·aphite, red phosphorus, and arsenic all lie above their respec­
tive sublimation points at 1 atm pre~sure. 

Estimated Data. The melting points of promethium, francium , and 
protactinium are estimated values. The estimated value for promethium 
is taken from Gschneidner's review." ITe estimated the melting point of 
promethium by assuming that it lies about midway between those of 

U K. A. Gschncidncr, Jr., "Rarc Earth Alloy~." p. 2-1. '·nn Kostrand, Princeton, New 

JertlCy, 1961. 
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neodymium and samarium, the immediate neighbors of promethium. The 
melting point of francium was estimated from a plot of the melting points 
versus the atomic numbers of the alkali metals and extrapolation to the 
atomic number of francium. In this manner a value of 297°K (24°C) was 
obtained, which compares favorably to the estimated value of 300 0 K 
(27°C) given by Lyman." In a similar manner the melting point of pro­
tactinium was obtained by interpolatioD from a plot of the melting points 
versus atomic numbers of thorium, uranium, and neptunium. This gives 
a value of 1698°K (1425°C), which is larger than the estimated values 
given by Lyman" (1503°I{ or 1230°C) and Hansen" (1573°K or 1300°C) . 

9. HEAT OF FUSION 

The heat of fusion, which is given in Table X, is one of the lesser 
known properties of the elements. This area, which also includes high­
temperature specific heat data, will require considerably more experi­
mental work before we have a reasonably complete set of reliable data . 

In 1936 KelleyS' thoroughly reviewed the existing heats of fusion as 
determined from direct measurements, phase diagrams, and vapor pressure 
data. Since that time, many of these data have been redetermined and are 
summarized in the reviews by Stull and Sinke" and Kelley." If no better 
value has been determined since Kelley's 1936 review," this paper is cited 
as the reference rather than later reviews of Stull and Sinke" and Kelley.s, 
More recent experimental data (published since 1960) which have come 
to the reviewer's attention, are also included in Table X. 

The variation of the heat of fusion of the elements of the fourth, fifth, 
and sixth periods of the Periodic Table as a function of atomic number 
is shown in Fig. 14. This plot is very similar to those seen earlier. Low 
values for the heats of fusion are found for the alkali metals and for most 
of the group IIB, IIIB, IVB, and VIB elements. The maximum valuc 
occurs at approximately the s'd' configuration, and the minimum ncar 
the end of each period occurs at approximately the s'p'd'o configuration. 
The large value for germanium as compared with those of tin and lead 
is probably related to germanium's diamond structure, while tin and lead 
are more nearly metallic elements. The large value for arsenic may he 
incorrect; J(elleyS' also questioned its large magnitude. It should be noted 

.. T. Lyman, cd., ":llctals Handbook," 8th cd., Vol. 1. Am. Soc. for Metals, :lletal. Purk, 
Ohio,I96l. 

" M. Hansen, "Constitution or Binnry Alloy .... McCraw-Hill, New York, 1957. 
.. K. K. Kelley, U.S. Bur. Min •• , Y"U. 393, (Hl3G). 
» D. R . 8tull and G. C. Sinker "Thcnnod},tnmic Prop('rties of the Elemrnts in Thrir 

Standard State." Am. Chem. Soc., W,,_,hillgton, D.C., 19.';6. 
.. K K Kelly, U.S. B"r. Min .. , Bull. 684, (1900). 
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TABLE X. HEAT OF FUSION TABLE X. HEAT OF FUSION-Continued 

Element 6H. (keal/g-at) Ref. Element 6H. (keal/g·at) Ref. 

3 Li 0 .719 ±O .OO-I 1,2 57 La 1.482 ±0 .002 10 
4Be 3,52 ±0 .08 3 58 Ce 1.238 ±O .OO·I 11 

5B (5.72)- - 59 Pr 1.652 ±0.OO3 10 

6 C{g) 25' 4 60 Nd 1.705 ±0 .019 11 

11 N .. 0,622 1,2 61 Pm (I. 94)- -
121\1g 2.14 1,2 62 Sm 2 .061 ±0.015 11 

13 Al 2 ,56 ±0 .01 1,2 63 Eu 2 .204 ±0.018 10 

14 Si 12 .02 ±0 .08 1,5 64 Gd 2.438 7 
15 P{w) 0 . 15 6 65 Tb 2.46 7 
16 S 0 .336 ±O ,OOI 1,2 66 Dy (2.49)- -
19 K 0 ,556 ±0 .002 1,2 67 Ho 3 .381 7 
20 Ca 2 .07 ±0 ,08 2 68 Er (2.62)- -
21 Se 3.70 7 69 Tm 4.221 7 
22Ti (3,42)- - 70 Yb 1.830 ±0.OO8 10 

23 V (3 .83)- - 71 Lu (2 ,85)- -
24 Cr 3.47 ±0.17 2,8 72 Hf (4,39)- -
25 Mn 3.50 1,2 73 Ta (5.76)< -
26 Fe 3 .67 1,2 74 W 8,42' 6 
27 Co 3 .70 ±0 .06 2,9 75 R. (7.86)- -
28 Ni 4 .21 1,2,9 76 Os (7 .56)- -
29 Cu 3.12 1,2 77 Ir (6.22)- -
30 Zn 1. 765 1,2 78 Pt 4 ,7()O 6 
31 Ga 1.335 1,2,9 79 Au 2.955 1,2 
32 G. 7.6 ±0 .5 2 80 Hg O.MBG 2 

33 M 6.62' ·' 6 81 TI 1.02 ±O .O! 1,2,9 

34Se 1.30 1,2 82 Pb 1.14 ±0 .01 1,2,9 

37 Rb 0 ,56 1,2 83 Bi 2.60 ±0.05 2,9 

38 Sr 2 . 19' 6 84 Po (0 .91)- -
39 Y 2 .732 ±0 .025 10 87 Fr (0 .52)- -
40 Zr (3.U )- - 88 Ra (1. 71)- - I' 
4i Nb (4 .82)- - 89 Ae (3 .03)- -
42 Mo 6 ,66' 6 90 Th (3 ,56)- -
43 To (5.42)- - 91 Pa (2 .99)< -
44 Ru (5 .67)· - 92 U (2 .47 )- -
45 Rh (4.9G)' - 93 Np {I. 60)- -
46 Pd 4 .10 ±O . LO 1,2 94 Pu 0 .676 ±0 .010 12 
47 Ag 2.78 ±O .OS 1,9 
48 Cd 1A8 ±0 ,05 1,2,9 
49 In 0 .78 1,2,0 • &timatcd value j see t.e.:d for further discussion. 

50 Sn 1. 71 ±0 .0'2 6,9 • Value obtained at 48 kiJobars (~4S X 10' kg/ cmt) ; see text for further discussion. 

51 Sb 4.74 ±0 .01 1,2,9 • Calculated from binnry phase diagram data. 

52 Te 4 ,18 ±0 . 13 2 4 1(elley' thought this value might be too large. 

55 C. 0 .506 ±0 .006 t, 2, 9 • Calculated from vapor pressure data. 

56 Da 1,83 ±0 .07 2 1 This value is probably lhe Bum of the heat of transformation (hep -> bee) and the 
hent or (usion, since they occur do-'m to one another. 

~."'._c "~ ,. ",-. ~~" -. . . ,- ~"'Tr 
, 

l 
-



KARL A. GSCHXEIDXER, m. 

REFERENCES TO TABLE X 

1. K. K. Kelley, U.S., Bltr. Mines, Bull. 684 (1960). 
2. D. R. Stull and G. C. Sinke, "Thennodyn!UIlie Properties oC the Elements in Their 

Stnndard State." Am. Chern. Soc. Washington, D.C., 1936. 
3. P . B. Kantor, R. ~1. Krasovitskaya, and A. N. Kisel, Fiz. Me/al. i JIe/aUoved. 10, 

835 (1960). 
4. F. P . Dundy, J. Chem. Phys. 38, 618 (1963). 
5. P. B. Kantor, O. M. Kisil, and E. M. Fomichev, UkT. Fiz. Zh. 6, 358 (1960). 
6. K K. Kelley, U.S., Bur . .lfineB, Bull. 393 (1936). 
7. D. H. Dennison and A. H. Daane, preliminary data, to be published (1965). 
8. A. H. Sully, ill " Metallurgy of the Rarer Metals-Number 1. Chromium" (H . M. 

Finniston, ed.). Academic Press, New York, 1954. 
9. O. Kubaschewski and E. Ll. Evans," Metallurgical Thermochemistry." Wiley, New 

York,1956. 
10. J. R. Berg, F. H. Spcdding, and A. H. Da"ne, to be published (1965). 
11. F . H. Spcdding, J . J. ~!eKeowll , and A. H. Daane. J. Pity •. 64, 289 (1960). 
12. R. N. R. l\lullord, U.S. At. Energy Com",. Rept. LA-28 L3 (Jan., 1963). 

9 .0 

8 .0 

7.0 

6.0 

? 
'? 

~ 5.0 

.§ 
Z 4.0 
'0 

Z 
:x: 3.0 

2.0 

1.0 

G. 

s .... 

! '{: 
I 
I 
I 
, B. 

It 
'" ""~! \ 

Cd. r. . 
.~ \ T\!.~Pb se"~ 
': .. :0',. ~ 
&' ... 

LA mA 'ilA lllIA ll!lIA IB Ii!B 

G~oup 

FlO. 14. Heat of fusion of the clement. of the fourth, fifth, and sixth periods of the 
Periodic Table. Open points are estimated values. 
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that the entropy of fusion for arsenic, which is 6.07 compared with a mean 
value of 5.02 ±0.24 for antimony and bismuth (see Table XXIII), also 
indicates that the hcat of fusion of arsenic may be too large. Thc anom­
alous behavior of the tl'llDSition elements of the fourth period, from chro­
mium through cobalt, as compal'ed with their cogeners in fifth and six th 
periods is evident. 

A comparison of the plot of the heat of fusion versus the group (Fig. H) 
with that of the melting point versus the group (lcig. 12) shows a striking 
similarity, except for one or two elements, notably manganese. Of coursc 
one would expect this since the entropy of fusion (the heat of fusion 
divided by the absolute melting point) is supposed to be equal to about 2. 
Thi~ point will be discussed in Section 27. 

The heat of fusion for the rare earths is shown in Fig. 13b, where it 
is seen to vary smoothly as a function of atomic number. The rare~al'th 
metals in general transform from their normal room-temperature close­
packed structurcs to another modification just below (within 100°) thcir 
melting points. For about half of these metals it has been shown that the 
high-temperature allotrope has the body-centered cubic structure. For 
those rare earths for which the specific heat has bcen measured up into 
the liquid region, except for holmium and thulium, thc heat of transfor­
mation (closed-packed to body-centered cubic) and the heat of fusion 
have been measured independently. For holmiwn and thulium the solid 
state transformation temperatures and the melting points lie so close 
together that it was not possible to separate the e/rects of these two heats 
and, therefore, the values given in Tuble X and shown in Fig. 13b for 
these t\\·o elements are the sum of the heat of transition and the heat of 
fusion. This accounts for the anomalously high heut of fusion of these 
two metals. Although the heat of fusion appears to be too low for ytterbiulH, 
it is only a consequence of the low melting point of ytterbium, since its 
entropy of fusion is in accord with those of the other rare earths. 

The heats of fusion range from a low value of 0.15 kealfg-at fur phos­
phorus to a high value of 25 kcaJ/g-at for carbon (graphite). All of the 
estimated values lie weD within this range. 

Carbon (Graphite). In a study of the carbon pressure-temperature. 
diagmm, Dundy" was able to determine the heat of fusion of graphite 
at a pressure of 48 kilobars. It was assumed that this value for the IwaL 
of fusion, 25 kcalfg-at, was independent of both temperature and pressure; 
i.e ., the heat of fusion is the same at 1 atm pressure and 4100oI~ (~S:2i' oC) 

as at 48 kilobars pressure and 5GoooI~ (532i°C). 
Estimated Data. :\lost of the values of the heats of fusion were obtained 

.. F . P . Bundy, J . Chem. PAg •. 38,618 (1963). 



336 KARL A. GSCHNEIDXER, JR. 

by multiplying an assumed estimated value for the entropy of fusion and 
the known melting point. As will be shown in Section 2i, the entropy of 
fusion for body-centered cubic metals is l.iG e.u. and for close-packed 
structures (face-centered cubic and hexagonal) it is 2.29 e.u. The entropy 
of fusion was assumed to be 1.iG e.u. for titanium , vanadium, zirconium, 
niobium, hafnium, tantalum, polonium, francium. radium, thorium, 
protactinium, uranium, and neptunium. l\lost of these metals arc known 
or thought to be 'body-ccntered cubic just below their melting points. 
For the remaining elements, it was assumed that 1. i6 was more repre­
sentative of the entropy of fusion than was 2.29. The value 2.29 e.u. was 
assumed to be the entropy of fusion for boron, technetium. ruthenium, 
rhodium, rhenium, osmium, iridium, and actinium. All of these clements, 
except boron, are thought to have the closed-packed structure up to their 
melting poiuts. This value of 2.29 e.u. for the entropy of fusion for boron 
was thought to be more representative than 1.iG e.u. The mean value 
for the entropy of fusion for the rare earths, which are known or thought 
to melt from the body-celltered cubic form, is 1.48 e.u. By usc of this 
value the heat of fusion was calculated for promethium, dysprosium, 
erbium, and lutetium. It should be mentioned that Kelley" used a value of 
2.3 e.u. for the entropy of fusion to estimate the heat of fusion of any 
element for which the heat of fusion was not known, but Stull and Sinke" 
used 1.9 and 2.3 e.u. for body-centered cubic and close-packed metals, 
respectively. The technique used herein and that used by Stull and Sinke 
are essentially the same, except for the value used for the body-centered 
cubic metals. Presumably the present value is more accurate since more 
heats of fusion arc available today than seven years ago. 

VI. Boiling Point and Heat of Sublimation 

10. BOILING POIl\'T 

The boiling points of the elements are listed in Table XI and are shown 
for the elements of the fourth , fifth , and sixth periods of the Periodic 
Table and for the l'llJ'c-carth metals in Figs. 15 and Hia, respcctively. 

Most of the boiling points were calculated from vapor pressurc data 
obtained at pressures substantially below 1 atm pressure. For many 
elements the original im'estigatol's calculated the boiling points, but fol' 
a few the reviewer calculatcd the value from the low-pressure data, which 
were usually given in the form 

log pmm = - (A/T) + B, (10.1) 

. 
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Element 

3 Li 
4 Be 
5 B 
6 C 

lINn 
12 l\1g 
13 Al 
14 Si 
15 P 
16 S 
19 K 
20 Cn 
21 So 
22 Ti 
23 V 
24 Cr 
251\1n 
26 Fe 
27 Co 
28 Ni 
29 Cu 
30 Zn 
31 Ga 
32 Ge 
33AJJ 
34Se 
37 Rb 
38 Sr 
39 Y 
40 Zr 
41 Nb 
42 Mo 
43 To 
44 Ru 
45 Rh 
46 Pd 
47 Ag 
48 Cd 
49 In 
50 Sn 
51 Sb 
52 Te 
55 Cs 

TABLE XI. BOILING P OINT AT 1 ATMOSPHERE 

(OK) 

1600 
3142 ±1000 
4050 ±IOO 
4000' 
1154' 
1385 
2333 
2753 
553 
717 .75' 

1027' 
1765 
3537 ±300 
3586-
3582 ±42 
2918 ±35 
2368 
3160 
3229-
3055-
2811 ±20< 
11750 

25\0 
3100 

SS6b 
958 
95!l< 

1645 
367()O 
4650 
48130 
5785 ±175 

(5300) ' 
4325 ±25 
3060 ±60 
3200 
2468 ±15' 
1038 
2279 ±6' 
2766 ±H' 
1007 ±IO' 
1163 ±I' 
039' 

Boiling point 

-

(OC) 

1327 
2869-
2777 
3727' 
881' 

1112 
2000 
2480 
280 
444.60< 
754' 

1492 
32(J.j· 
3313' 
3300 
2645 
2005 
2887 
295Bo 
27820 

2583< 
OOZ 

2237 
2827 

613' 
685 
686< 

1372 
33970 

4377 
45400 
5512 

(5030)' 
4052 
3GR7 
2027 
2195' 

7G5 
200011: 
2493' 
1634' 
8!XJ' 
666' 

Ref. 

1 
2,3 
4 
5 
6 
5,7 
7,8 
9 
7, 9 
d 
6 
5, 7 
10,11 
12 
13,14 
12, 15, 16 
17 
5 
18,19 
20 
21 
22 
5,9 
5,9 
5,7,9 
5,9 
6 
5,9 
11 
5 
23 
12,24 

4,25 
26,27,28 
29,30 
21 
5, 7 
21,31,32 
21,33 
21 
34 
6 
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TABLE XI. BOILING POINT AT 1 ATMOSI'HERE-COnlinued 

Boiling point 

Element (OK) (OC) Ref. 

56 Ba 1910 1637 5,7,9 
57 La 3713 ±7o- 3Ho- 11,35 
58 Ce 307211 36000 35 
59 Pr 3616' 3343- 36 
60 Nd 2!)50' 2683' 37 
61 Pm (2730)' (2460)' -
62 Sm (2140)' (1870)' -
63 Eu 1971- 169S- 38 
64 Cd (3540) , (3270) , -
65 Tb (38IO) , (3540)' -
66 Dy 3011- 27380 39 
67 Ho 3228- 20550 40 
68 Er (3000) ' (2730)' -
69 Tm 2266' 1003' 41 
70 Yb (1970)' (1700)' -
71 Lu (4140) ' (3870)' -
72 Hf 4575 ±150 4302 42 
73 Tn 5760 ±60 5487 5,12 
74W 6000 ±200 5727 5,7 
75 Re 6035 ± 135 5762 5, {) 
76 O. 5300 ±100 5027 25 
77 Ir 4820 ±30 4547 4,21,28 
78 Pt 4100 3827 27,29 
79 Au 3240 2!l67 7,9 
80 Hg 62!l.73' 356.58' d 
81 Tl 1939 1666 43 
82 Pb 2022 ±1()< 1749' 21 
83 Bi 1824 ±S' 1551' 21,44 
84 Po 1235 962 5 
87 Fr (1020) ' (750)' -
88 Rn (1900)' (1630)' -
89 Ac 3200 ±300 2027 45 
90 Th 4500 4227 5 
91 Pa (46 0)' (441O) ' -
92 U 3950 ±250 3677 46 
93 Np (4150) ' (3SS0) , -
9·1 Pu 3727 3·15-1 n 

• Calculated by reviewer from vapor pressure 'dala given in reference (s) c ited. 
.. Sublimation point at. 1 atm. 
~ Direct observation. 
• Value tnken from Table nIT. 
, Estimated value; see text for further discussion. 
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FlO. 16. (a) Roiling point of the rare-carth metals. (b) Cohesive energy of the '8rc­
earth metal •. Open points are estimated values. 

where 

A = AH./2.30258R = !J.H./4.5758, (10.2) 

where 611. is the heat of vaporization (or sublimation, !IN.) and R is 
the gas constant. Since the boiling point at 1 atm pressure may be as 
much as a 1000 0 higher than the temperature at which the vapor pre~surc 
data were obtained, it was necessary to take account of the varialioll of 
!J.1I. with temperature. Furthermore, if the experimental data yicldpd 
the heat of sublimation, the heat of fusion also had to be considered. 
These corrections "'ere made by making extensive usc of Stull's anti 
Sinke's compilation of high-temperature specific heat uata" and the heats 
of fusion listed in Table X. Yalues which were calculated by the reviewer 
according to the ahove proceuurc are so identified in Table XI. 

Perhaps as many as one-fourth of the boiling points listed in Table Xl 
are the result of direct observations. These values werc assumed to be 
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more accurate than thosc calculated from the low-pressure data. It was 
found, however, that for most of the elements for which reliable data 
exist from both types of experiments the two valucs usually agreed witbin 
±25°. It should be not.ed that the direct-observation data are usually 
available for only the lower boiling elements. 

The boiling points range from a low value of 553°1( (2S0°C) for phos­
phorus to a high value of G035°I" (5762°C) for rheniwn. Tungsten, how­
ever, may actually have a higher boiling point than that of rhenium 
because of the errors associated with calculating the boiling point from 
low-temperature vapor pressure data. The boiling points only differ by 
35°, and the error associated with the boiling point of rhenium is ± 135° 
and that for tungsten is ±200°. 

The variation of the boiling points of the elements of the fourth, 
fifth, and sixth periods of the Periodic Table with the group location of 
the element (Fig. 15) shows a behavior very similar to those previously 
noted for many of the other physical properties: notably the large peak 
near the group VIA clements, the minin1ulll at the group lIB clements, 
the second, but smaller, peak at the group IVB c1cments, and the anoma­
lous behavior of the fourth-period transition elements, chromium through 
cobalt. 

The variation of the boiling points of the rare earths as a function of 
atomic number is shown in Fig. 16a. This plot is very much dift·crent 
from those given in Figs. 2, 5, 10, and 13. The difference is probably due 
to thc fact that in the condensed stllte the normal electronic configuration 
is 4f"5d'6s', where n varies from 0 for lanthllnum to 14 for lutetium but 
in the gaseous (isolated atoms) state the normal configuration is 4f"~'Gs'. 
If one makes a more thorough examination, one notes that for lanthanum 
gadolinium (n = 7), and lutetium the condenspd-state and gaseous-stat~ 
configurations are the samc, 4f"5d'6s' , i.e. , they arc trivalent in both statcs. 
For europium (n = 6) and ytterbium (n = 13) , the configurations in 
the two states are also the same, but they are ~f"+IGs', i.e. , these two metals 
are divalent in both the ga~eous and condensed states. For the other ele­
ments~ praseodymium (/I = 2), neodymium (n = 3), promethium (n = 4), 
BamaTlum (n = 5), dysprosium (n = 9), holmium (11 = 10), erbium 
(n = 11), and thulium (11 = 12), the condensed-state configuration is 
4f"5d'Gs' and the gaseous-state configuration is 4f"+'G8'. The gradual 
decrease in the boiling point as one proceeds from the maxima ncar lan­
thanum and gadolinium to the minima at europium and ytterbium may 
be due to the tendency to,Yards a divalent character at high temperature 
in the condensed state as n increa es. It is interesting to note that there 
is much doubt concerning the electronic configuration of gaseous cerium 
(11 = 1) and terbium (n = 8); that is, the configuration is thought to 
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be 4f"5d'6s' or 4f"+'6s' or a mixture of both. It is diff.eult to sec how this 
might explain the fact that the observed boiling point of cerium is highe~ 
t.h~n that of lanthanum or that of terbium is higher than that of gado­
hlUum. If, on the other hand, the gaseous configw·ation were 4f"-':)(1'6s' 
or a nU.xture of this and the 4f"5d'6s' configuration, this might account 
for a higher boiling point, since the tetravalent transition metals have 
higher boiling points than the trivalent transition metals (Fig. 15). Appar­
ent.IY not man~ have considered the tetravalent state a possibility for 
cerium and terblwn. In support of the possibility of a tetravalent character 
are Waber's Hartree calculations" for cerium which indicate that the 
4f15dI6s' configuration has a lower energy than either the 4f'5d

'
6s' or the 

5d'6s' configurations. 
Estimated Data. The boiling points were estimated by using tbe known 

or estimated heats of sublin1ation at 298°1( (25°C) (see Table XII) 
and by assuming Trouton's rule to be valid (except that the constan~ 
used herein was different from that normally associated with this rule· 
~e Section 27). T~e heats of sublimation were corrected to the correspond~ 

. mg heats of vaponzatlOn at the boiling point as outlined above. The mean 
value of the entropy of vaporization (Trouton's constant) for all of the 
clements is 25.5 e.u. (see Section 27). This value was used to estimate 
the boiling point of technetium, protactinium, and neptuniW11. The mean 
value for the trivalent rare earths (22.3 e.u.) was used for the estimated 
ent:opy of vapori~ation of promethium, samarium, gadolinium, terbium, 
erbIUm, and lutetium. The entropy of vaporization for ytterbiwn was 
assumed to equal that of europium (18.1 e.t!.), and that for radiwn was 
assumed to equal the mean value of those of the three other alkaline­
earth metals (19.9 e.u.). The entropy of vaporization of the alkali metals 
~ecreases linearly with increasing atomic number; therefore, this straight 
hne was extrapolated to obtain an entropy of 15.8 e.u. for francium. 

11. HEAT OF SUBLIMATION 

The heats of sublimation at 298°K (25°C), AH,''', which nre listed 
in Table XlI, were obtained from vapor pressure data by use of Eqs. 
(10.1) and (10.2), or directly from high-tempcrature mass spectrometric 
data. The value, in geneml, is usnally obtained at some temperature other 
than 298°I\: (25°C) regardless of technique. The measured vallie \\·as 
cOITectcd to 298°I( (25°C) either by the authors of the original puper 
or by the reviewer. The reviewer has made extensive usc of the thermody-
namic data given by Stull and Sinke" in making these corrections. . 

" J. T. Wabcr. Prrx:. 3rd Rare Earth Conf.. Clearwater. Florida, 1963. Gordon &: Breach. 
New York, 1964 (to be pUblisbed). 
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TABLE XII. CoHESIVE ENERGY AND HEAT OF SUBLl>1ATtoN AT 298'I{ 
I 

TABLE XII. COHESIVE ENERGY AND IIEAT OF SUBLIMATION AT 29S'I{- Conlinued 

dHo
o dH,tn I AH.' dH;ul 

Element (kealfg-at) (keal/ g-at) Rer. Element (kesl / g-at) (kesl/g-at) Rer. 

3 Li 33 .20 38 .58 ±0.40 1 56 Bs 42 .8 42.5 ±0 .5 2,3 

4 Be 76 .9 77 .9 2,3 57 La 101.9 101.8 ±2 .2 14,27 

5 B 130 .8 132 .0 ±2.3 4--9 58 Ce (y) 97 .go 97 .6 27 

6 C 169 .6 170 .9 2,3,10 I 
59 Pr 85 .8- 85.5 ±1.2 28-30 

11 Nil 26 .02 25 .92 ±0 . 15 1 60 Nd 75 .9 75.6 ±0 .6 29,31,32 

12 Mg 35 .3 35. 6 2,3 61 Pm (64)' (64)'" -
13 Al 76 .9 77.5 ±1.5 2,3 62 Sm 50 .2- 49 .9 33 

14 Si 107.4. 108. 4 ±3.0 11 63 Eu 42 .go 42.6 ±0 .5 34,35 

15 P 75 .0- 75 .3 10 64 Gd 82.7 82 .4 ±1.2 31,35 

16 S 65 .9 66.4 2,10 65 Tb 89.go 89 .6 ±2 .2 31,36 

19 K 21.69 21.48 ±0.06 1,12 66 Dy 66.go 66.6 ±4 .8 31,33 

20 Ca 42 .1 42. 2 2,3 67 Ho 70 .5- 70 .2 ±0 .6 31,37 

21 Se SO .06 80 .45 ±0 .35 13, J.l 68 Er 70 .7- 70.4 ±5 .0 31,35 
22 Ti ll2 .2 112 .7 2,3,10 

[ 

69 Tm 58.3- 58 .0 ±0 .4 33,38 

23 V 122 .0 122 .8 ±5 .0 2,3 70 Yb 40 .3- 40 .0 33 

24 Cr 94 .5 95 .0 ±1.0 2, 3,15 71 Lu 98 .8 98.8 ±-I. .O 31,36 

25 Mn 66 .9 67 .2 2,3 72 Hr 145 .5 145 .5 ±3 .0 39 

26 Fe 99 .4 100.0 ±1.0 2,3,15 I 73 Ta 186 .7 186 .8 2,3 

27 Co 101. 7 102. ! ±O .9 2,3,16 74 W 199.7 200 .0 ±1.0 2,3 

28 Ni 102 .3 102 .8 2,3 75 Re IS6.2 186.4 ±0.6 3,10 

29 Cu 80 .8 81.1 2, 3 76 Os 187 .2- 187 .4 ±0 .9 20 

30 Zn 31.0 31.1 2,3,10,17 77 Ir 158.9- 159 .1 ±0. 8 7,21,22 

31 Ga 64 .7 6·1.9 3 78 Pt 134.8 135 .0 ±0.2 21,24 

II 
32 Ge 88 .8 89 .5 3,10 79 Au 87 .6 87 .6 ±0 .7 2,3,40 

33 As 28 .7 29 .0 10 SO Hg 15.41 14 .66 ±0.01 1 

34Se 49 .2 49 . -1. 10 81 TI 43 .39 43 .24 ±0 .24 2, 3, 26, 41, 4.2 

37 Rb 20 .2 19.9 ±0 .5 2,3,10,18 82 Pb 47 .0 46 .8 2,3,43 

38 Sr 39.3- 39 .2 10 83 Bi 50.01 49 .95 ±0 .27 44-46 

39 Y 97 .6 97 .S 14 84 Po 34 .6- 34.5 3,10 

40 Zr 145 .7 146 .0 ±1.0 2,3 87 Fr (18 .6) ' (18 .1)6., -
41 Nt> l7-l . 3 175. 0 ± 2 .5 3,19 88Ra (42) ' (42 ) '" -
42 1110 157 .1 157.5 2,3 89 Ac (104)' ( 104)'" -
43Te (152)' (152)' " - 90 Tb 136 .7 136 .6 2,10 

44 Ru 15·1.0- 154.2 ± O.7 7.20 91 Pa (132)' (132)6.' -
45 Rb 133 .0- 133 .2 ± 1.0 21- 24 92 U 125 125 ±~ 2 

46 Pd SO.9 90 . 1 ±O .9 24,25 93 Np (113)' (113)' ·, -
47 Ag 68.3 68. 4 2,3 94 Pu 91.8 91. 8' 47 

48 Cd 26 .8 2G.S 2,3 
49 In 57 .4 57 .3 ±0 .3 3,26 • Estimnted the value (or (611 0° - 6H.:<JS) to obt.a in 6Ho

o fro m given .lU."'. 
50 Sn (\\' ) 72 .0 72 .0 2,3,10 • Estimated value; sce text for further dilscussion. 
51 Sf> 62. 3 62 .6' 2,3,17 'Estimated the value ror (AHo' - c.I!."') to obtain AH .... rrom given 611 ,'. 
52 Te 46 .6 46 . G ±2 .0 2,3,10 • The data given by Rosenblatt am! Birch. nall" corresponded to the proce"," 4 
55 Co 19 .22 1S.84 ±0 .29 2,3, 18 Sb (o) = Sb. (g) . The re\'iewer used 13.7 keal ror the dissociation or Sb. (g) into Sb (g) to 

determine the hent or sublimntion given here. 
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Two sets of heats of sublimation for the elements are listed in Table 
XII. One corresponds to the value at OOK, and is commonly called the 
cohesive energy, tlHoo. The cohesive energy is discussed in Section ' 12. 
The second set of values is the heat of sublimation at 2!lsoK (25°C). 
This value is more important than the cohesive energy for those involved 
in making thermodynamic calculations, since almost all thermodynamic 
data arc based on the standard state at 298°K (25°C). As a first approxi­
mation tlHo" ~ tlH.''', and for many applications knowledge of one or 
the other is sufficient. Since there is a difference between the two quantities, 
both are listed for convcnience. 

To convcrt tlH" to tlH,m or vice versa the reviewer made usc of the 
tabulations of (N".o - No") for the solid and for the gas as given by 
Lewis et al." and Stull and Sinke." That is, 

IlH. - Illl .... = (H",O - H .)(,) - (H".o - Ii.)r.). (11.1) 

If either or both values for (H,zggo - Ho") were not available, then the 
reviewer estimated themj data so estimated are identified in Table XI I. 

Since tlH,"· ~ tlHo, the discussion concerning the periodic variation 
of this quantity and its relationship to other properties is deferred until 
Section 12. 

Estimated Data. The heats of sublimation at 2!lSoK (25°C) that were 
not experimentally determined were estimated from the cohesive encrgics. 

'1 G. N. Lewis, 1\1. Randall, K . S. Pitzer, and L. Brewer, "Thcrmod)'lnmit's,/t 2nd t·d . 
McGraw-HilI, New Yor'" 1961. 
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The techniques used to estimate the cohesive energy arc discussed in 
Section 12. 

12. COUESIVE ENERGY 

The cohesive energy is of much more interest to the theoretical and 
solid state physicists than is the heat of sublimation at 2()8°l{ (25°C), 
because the cohesive energy is the energy required to dissociate 1 g-at 
of a solid substance into free atoms at O°l{ (- 273°C). Much work has 
been and is being done by theoretical physicists to attempt to calculate 
the cohesive energy of a solid from first principles." l\lost of their success, 
however, has been limited to the alkali metals. 

The derivation of the data shown in Table XII has been discussed in 
the previous section on the heat of sublimation and therefore will not be 
repeated here. 

The cohesive energy varies from a minimwn value of 15.41 kcaljg-at 
for mercury to a maximum value of 199.7 kcaljg-at for tungsten. The 
estimated values fall well within this range. 

The cohcsive energies for the clements of the fourth, fifth, and sixth 
periods of the Periodic Table are shown in Fig. Ii. This figure is similar 
to those given previously. The major maximum in the cohesive energy 
occurs at the d's' configuration (except for the sixth period, where it is 
d's'); the minimum occurs at the d'os' configuration; and the smaller 
maximum at the d1os'p' configuration (except fOI' the si.:xth period, where 
it is d'Os'p') . The anomalous behavior of the fourth-period transition 
metals observed in many of the other physical properties is not as evident 
in this plot, except for the pronounced drop as one proceeds from chro­
mium to manganese. 

The cohesive energy for rare-carth metals is shown in Fig. 1Gb. A 
comparison of this plot with the plot of the boiling points versus the 
atomic numbers, Fig. Hia, shows that the two plots are very similar. 
The d;scussion given in Section 10 concerning this ~llltlsual behavior of 
the boiling points of the rare earths is also applicable to the cohesive 
energy, since the cohesive cnergy divided by the boiling point is approxi­
mately a constant (Trouton's rule). 

The relationship betwcen the bulk modulus, B, and the cohesive 
energy was discussed earlier in Section G (also sec Figs. 7 and 8), where 
it was found that fOI' a given group 

MI oO = m.8 + b, (12.1) 

where 111 is the slope (both positive and negative values were found) and 

.. J. Callaway, Solid State Pity •. 7, !!9 ( 19;;'S). 

b b • 
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FIG. 17. Cohesive energy of the element. of the fourth, 61th, nnd .ixth periods of the 
Periodic Table. Open points llTC estimated values. 

b is the intercept. The values for m and b were found to be different for 
each particular group. This relationship was used to estimate some of tbe 
unknown bulk moduli . 

Estimated Data. The value for technetium was estimated in two wars: 
it was assumed (1) to be equal to the mean value for molybdenum and 
ruthenium, and (2) to be smaller than the value for ruthenium by the 
same percent as the value of rhenium is smaller than that of osmium. 
The Olean value of these two estinlated numbers was choscn as the value 
for this compilation. The value for promethiulTl was estimated from the 
straight line of Fig. Wb. The valucs for fran'tium, radium. and actinium 
were estimated from plots of the known cohesive energy of their rcspccth'c 
cogencrs versus thc period number. The values for these thfl'e c1emcnts 
wcre all obtained by extrapolation. The "alues for protactinium and 
neptunium were estimated by interpolation from a plot of the cohc,.:i\·c 
energy versus the atolllic number of thorium, uranium, and plutonium. 
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